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Abstract

The use of multiple quadrotors to perform cooperative tasks is an active research field of crucial
importance. One particular mission of interest involves a formation of quadrotors performing infrastruc-
ture inspection autonomously. This thesis describes a scenario where a Target quadrotor is performing
a task in a GPS-denied environment, and two Sensor quadrotors with GPS capabilities estimate the
Target’s position combining their positions with bearings-only measurements. The selection of the
Sensors’ positions can greatly affect the estimation performance, motivating the optimization of several
objective functions based on the Fisher Information Matrix (FIM). Two novel estimation algorithms are
created and tested for both cases where the Target is stationary and moving. The results show geometric
configurations that increase the estimation accuracy, illustrating the importance of maximizing the FIM
for Target localization using quadrotors. Assuming a double integrator model for the target vehicle,
an LQR controller is combined with the nonlinear estimator to achieve tracking of a desired trajectory.
The results show the influence of the Sensors’ positioning not only on the estimation error, but also
on the difference between the true and desired position of the Target. Finally, a network localization
problem with multiple Targets and two Sensors with full knowledge of their position is considered. The
Targets estimate their position using not only bearings measurements coming from one of the Sensors,
but also coming from another Target. A construction method of network formations that guarantees the
convergence of the Targets’ estimates to their actual positions is described and demonstrated.
Keywords: Multi-quadrotor systems, Optimal localization geometries, Bearings-only measurements,
Network localization.

1. Introduction

1.1. Motivation

The problem of controlling multiple vehicles to per-
form cooperative tasks poses important challenges
to automatic control. It has been the scope of a
number of publications and experimental results are
beginning to appear, attesting the recent interest in
the topic. Aerial robotic vehicles can play an im-
portant role in a wide range of applications, such as
critical infrastructure inspection, given their ability
to reach and fly in a close proximity to points of
interest, and acquire valuable high-quality data for
damage diagnosis, thus providing an attractive al-
ternative to standard methods, which involve heavy
and expensive logistics and require direct human in-
tervention. Vertical take-off and landing rotorcraft,
with hover flight capabilities, form a large and im-
portant class of UAVs (Unmanned Aerial Vehicles)
ideally suited for this type of missions. In particular,
the quadrotor stands out as an ideal platform for the
development and test of new control strategies, due
to its simplicity, high maneuverability, and ability to
hover.

1.2. Problem Description

A multi-vehicle mission scenario is considered, where
a leader quadrotor vehicle called Target is perform-
ing a task in a GPS-denied environment, like, for ex-
ample, structural health monitoring under a bridge
deck, and two follower quadrotor vehicles called Sen-
sors are flying in formation with the Target, but far
enough from the structure to obtain GPS position
information and localize themselves. Local sensor
data, such as bearings-only measurements, are used
to complement the GPS data and estimate the po-
sition of the Target quadrotor. By combining the
bearings obtained by at least two Sensors, an es-
timate of the Target localization can be computed
through triangulation, as illustrated in Figure 1.

The task of Target estimation presents several
challenges. Most modern small quadrotors are
equipped with GPS capabilities but are designed to
be inexpensive and therefore include low quality sen-
sors and poor navigation filtering algorithms, leading
to inaccurate vehicle state estimation. For this work,
the Sensors’ localization and Target trajectory errors
are considered non-existent for the sake of simplicity.
On the other hand, the Sensors’ noise is included and
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Figure 1: Target Localization under a Bridge using
Quadrotors with Bearings-only Sensors

increases the uncertainty about the Target estima-
tion. Typical sensor errors involve standard devia-
tions for heading using a magnetometer or electronic
compass of about 5 degrees. One of the objectives of
this work is to find the Sensors-Target configuration
that best mitigates this effect.

The uncertainty of an estimation is directly af-
fected by the Sensors-Target geometric configuration
as represented in Figure 2. The amount of informa-
tion a set of measurements produces is highly de-
pendent not only on the angle between the measure-
ments but also on the distance between the Sensors
and the Target. The grey area shown in Figure 2
represents the uncertainty on Target estimation for
a non-orthogonal Sensor-Target geometry (Figure
2(a)), an orthogonal geometry (Figure 2(b)) and also
a reduced distance configuration (Figure 2(c)). Or-
thogonal measurements produce a lower area of un-
certainty than non-orthogonal measurements. How-
ever, the distance between the Sensors and the Tar-
get must also be taken into account since reducing
it greatly improves the Target localization.

(a) Non-orthogonal (b) Orthogonal (c) Short distance

Figure 2: Uncertainty on Target Localization Esti-
mation due to Sensors’ Noise for different Configu-
rations

The geometric configurations need to be quanti-
fied in order to determine the amount of informa-
tion each set of measurements produces. The Fisher
Information Matrix (FIM) is used to provide that
information.

Another problem addressed in this work is the
network localization in a scenario where two Sensor
quadrotors have available GPS data and several Tar-
get quadrotors are under the bridge with no knowl-
edge of their exact locations. These Targets estimate

their position not only with the information coming
from one of the Sensor quadrotors, but also with the
measurements coming from another Target, which is
as well estimating its position simultaneously. The
aim is to design and prove a method to construct
a network formation which guarantees that the es-
timations of all Targets in the network converge to
their actual positions.

1.3. State-of-the-art

There are several estimator techniques which can be
used for the bearings-only Target estimation [2], [10].
Since the bearings-only estimation problem involves
nonlinear measurements, an Extended Kalman Fil-
ter (EKF) needs to be used instead of the tradi-
tional Kalman Filter. Nevertheless, the EKF has
some drawbacks since the approximations done due
to the linearization process in the EKF algorithm can
lead to the divergence of the filter and consequently
to unbounded estimation errors [2]. Target estima-
tion and tracking from a multi array of Sensors is
explored in [3],[20],[17],[16].

An optimization of the Target localization can be
obtained by maximizing or minimizing an objective
function that contains the geometry of the localiza-
tion problem. One method widely used in literature
implies using the FIM. Various objective functions
are derived from the FIM in [21],[9]. Several methods
to compute the FIM are discussed in [18],[7],[20],[15].
In [4], it is concluded that, for an unconstrained
bearings-only localization 2D problem, the optimal
Sensors-Target geometry using the determinant of
the FIM as the cost function is unique and occurs
when the angle subtended at the Target by the two
Sensors is 90o.

Another area of research that is adressed in
this work is the localization using sensor networks
[12],[23]. The uniqueness of network localization so-
lutions using the theory of rigid graphs is widely ex-
plored in literature [13],[22],[1],[6],[5],[8],[23]. Some
construction methods such as the Henneberg Con-
struction and the Delaunay Triangulation methods
are used to construct undirected rigid point forma-
tions.

2. Target Position Estimation
2.1. CRLB and FIM

The Cramer-Rao Lower Bound (CRLB) corresponds
to the lower bound on the covariance of an unbi-
ased estimator. It can be very useful to compute the
CRLB since it provides a benchmark against which
it is possible to compare the performance of any un-
biased estimator. Also, if an estimator achieves the
CRLB it can be concluded that it is a minimum-
variance unbiased estimator. The CRLB inverse
is also referred as the Fisher Information Matrix
(FIM), which can be interpreted as a quantification
of the amount of information that a certain set of
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measurement has about the states to be estimated.
The derivation of the FIM starts with the informa-

tion inequality, as described in [14],[4], which states
that the error covariance matrix P of an unbiased
estimator x̂ of the state vector x with n components
is bounded from below as follows

P = E
{

(x̂− x)(x̂− x)T
}
≥ J(x)−1 (1)

where J(x) is the FIM and E{·} is the expected value
operator.

Under the assumption of Gaussian measurement
errors and when the error covariance is independent
of x, the FIM is simply given by

J(x) = ∇xh(x)
T
Σ−1∇xh(x) (2)

where ∇xh(x) is the Jacobian of the measurement
vector with respect to x and Σ the covariance ma-
trix. The CRLB of the state vector components are
calculated as the diagonal elements of the FIM in-
verse [19]

CRLB
{

[x̂]i
}

= [J(x)−1]ii for i = 1, 2..., n (3)

2.2. Optimal Sensor-Target Geometry
In a three dimensional space, the measurement
model is given by the azimuth angle φi and the el-
evation angle ψi between Sensor i and the Target

φi = atan2

(
tx − six
ty − siy

)
(4)

ψi = atan2

(
tz − siz√

(tx − six)2 + (ty − siy )2

)
(5)

where t =
[
tx ty tz

]T is the Target position, si =[
six siy siz

]T is the Sensor i position and atan2 is
the standard four quadrant tangent inverse.

The FIM for a 3D case is calculated using the mea-
surement model described above and in the end it is
given by the following expression

J =
1

σ2

N∑
i=1

(
1

|ri2 |2

[
cos2 φi − sin(2φi)

2
0

− sin(2φi)
2

sin2 φi 0

0 0 0

]
+ . . .

1

|ri|2

 sin2 φi sin
2 ψi

sin(2φi) sin2 ψi
2

− sin(2ψi) sinφi
2

sin(2φi) sin2 ψi
2

cos2 φi sin
2 ψi − sin(2ψi) cosφi

2

− sin(2ψi) sinφi
2

− sin(2ψi) cosφi
2

cos2 ψi

)
(6)

where σ is the standard deviation of the bear-
ing measurements, |ri2 | =

√
r2ix + r2iy and |ri| =√

r2ix + r2iy + r2iz , being ri =
[
rix riy riz

]T the rel-

ative vector between the Sensor i and the Target.

2.3. Selection of an Objective Function
A measure that is related to the expected accuracy
of the parameter estimates needs to be chosen in
order to obtain the optimal placement of the Sen-
sors and compare it with other placements. Usually,

this measure is based on the FIM and the optimal
placement is obtained by maximizing it. However,
maximizing the FIM is not an easy task and there-
fore a scalar function representing the FIM must be
selected, such as the D-optimality (determinant) cri-
terion (f(J) = − ln|J|), the E-optimality (smallest
eigenvalue) criterion (f(J) = λmax(J−1)), the A-
optimality (trace) criterion (f(J) = tr(J−1)) and the
Sensitivity criterion (f(J) = −tr(J)).

The eigenvalues of the FIM are related to the un-
certainty ellipsoid of the Target estimation, since the
FIM is related to the estimation error covariance.
More specifically, the length of each axis of the un-
certainty ellipsoid is given by one over an eigenvalue
squared for each eigenvalue of the FIM. Therefore,
maximizing the eigenvalues of the FIM leads to a
smaller uncertainty ellipsoid and a more accurate es-
timation.

2.4. Estimation Algorithms
Two novel estimation algorithms are created to es-
timate the Target’s position, the ”Stationary Tar-
get” and the ”Moving Target” estimator. Both es-
timators make use of the normalized relative vector
ui =

[
uix uiy uiz

]T
between the Sensor i si =[

six siy siz
]T

and the Target t =
[
tx ty tz

]T
,

described by the following equation

ui =
t− si
‖t− si‖

(7)

The normalized components of the relative vector
ui can be written as functions of the azimuth angle
φi and also the elevation angle ψi between Sensor i
and the Target as

uix = sin(φi) cos(ψi)

uiy = cos(φi) sin(ψi)

uiz = sin(ψi).

(8)

The two estimators take advantage of some prop-
erties of the cross product between the position vec-
tors. Since ui and (t − si) are collinear vectors, it
follows that

ui × (t− si) = 0 (9)

For the sake of simplicity, the Skew operator S(·)
will be used and it is defined as

S(a) =

 0 −a3 a2
a3 0 −a1
−a2 a1 0

 (10)

where a =
[
a1 a2 a3

]T
. From the definition of

S(·), S(a)b = a× b.
To ensure the stability of the ”Stationary Target”

estimator, the Lyapunov theory [11] is adopted and
assuming that the Target is stationary and therefore
ṫ = 0, a possible expression for the dynamics of the
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”Stationary Target” estimator with N Sensor mea-
surements is obtained

˙̂t =

N∑
i=1

S(ui)
2(̂t− si) (11)

When working on discrete time, consider the fol-
lowing estimator

t̂k+1 = t̂k +

N∑
i=1

αiS(uik)2t̃k (12)

where αi > 0 is a constant value limited by the fol-
lowing condition

N∑
i=1

αi < 2 for αi > 0, i = 1, ..., N (13)

For the sake of simplicity, a constant value of α is
used for every measurement. For instance, if N=2
Sensors, then α < 1.

The ”Moving Target” estimator will be used for
the second-order system described in Section 3,
where the control law ẗ = u is applied. In this case,
the system state space representation is the following

ẋ = Acx + Bcu

y = Ccx
with x =

[
t
ṫ

]
(14)

where

Ac =
[
0 I
0 0

]
, Bc =

[
0
I

]
, Cc =

[
−S(u1)2 0
−S(u2)2 0

]
(15)

The estimator chosen has the following structure

˙̂x = Acx̂ + Bcu− L (y −Ccx̂) (16)

where L is a gain matrix given by

L =

[
L1 L1

L2 L2

]
(17)

To guarantee the stability of the estimator the
Lyapunov theory is used. In the end, a limit to the
maximum/minimum angle configuration needs to be
imposed to guarantee the convergence of the estima-
tor. Given the results obtained, a limit of 140o/40o

geometric configuration is a reasonable, leading to
the following constraint

L2 ≺ 0.234 L1
2 (18)

Even though this estimator is more complex than
the ”Stationary Target” estimator, its main advan-
tage lies in the fact that it estimates both position
and velocity and thus can be used with moving Tar-
gets.

2.5. Results
The first step in order to calculate the optimal ge-
ometry is to include the physical constraints imposed
by the bridge, since the Sensors will not receive their
position information through the GPS signal if they
are too close to the bridge. Also, the two Sensors are
placed on opposite sides of the bridge.

The different criteria described in Subsection 2.3
are tested and the corresponding uncertainty ellipses
and areas are calculated to obtain a quantitative
comparison. The results obtained can be seen in
Table 1, where each uncertainty ellipse area is di-
vided by AD, the area obtained for the D-optimality
criterion. Also, the uncertainty ellipses obtained us-
ing the D-optimality, A-optimality and E-optimality
criteria are represented in Figure 3. Since the Sensi-
tivity criterion is associated with a much bigger area
of uncertainty, its representation is not included in
Figure 3.

Table 1: Results obtained after optimization process
for the different criteria

Criterion Angle between Sensors(o) Uncertainty Ellipse Area(/AD)

D-optimality 120o 1
E-optimality 90o 2.84
A-optimality 109.5o 1.14

Sensitivity 180o 1.05× 1015
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Figure 3: Uncertainty ellipses for D-optimality, E-
optimality and A-optimality criteria

From the results presented in Table 1, it is possi-
ble to conclude that, depending on the chosen crite-
rion, the geometry of the Sensors will change. Also,
analysing Figure 3, it is possible to see a relation be-
tween the configuration angles and the uncertainties
in each axis. It is evident that orthogonal configura-
tions such as the one obtained with the E-optimality
criterion lead to ellipses closer to a circle, while non-
orthogonal ones always have different uncertainties
between the two axes. The D- E- and A-optimality
criteria produce uncertainty ellipses with an area of
the same order of magnitude. As far as the Sensi-
tivity criterion is concerned, the uncertainty ellipse
area is much higher and the configuration obtained
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is 180o, meaning the Sensors are collinear with the
Target. Even though it is the easiest to compute,
this criterion is by far the worst.

A non-optimal criterion called ”Constant Offset”
is created to compare with the optimality criteria al-
ready mentioned. In this additional case, a constant
y offset between the Target and the Sensors is used,
i.e., the Sensors follow the Target from behind, be-
ing always in the same horizontal line. This constant
offset y is equal to half of the bridge’s width.

To begin with, a scenario where the Target is
standing in a stationary position three meters to the
right of the centre of the bridge is chosen, so that no
criterion overlaps another.
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Figure 4: Cramer-Rao Lower Bounds (CRLB) in x
(on top) and y (on the bottom) for different criteria

In Figure 4, the theoretical CRLB during the es-
timation process are shown for the four criteria. A
close resemblance between the CRLB and the un-
certainty ellipses in Figure 3 can be seen. The
non-optimal ”Constant Offset” criterion presents the
highest CRLB in the y axis and the lowest in the x
axis, along with the A-optimality criterion.

After averaging over 20 Monte-Carlo (MC) runs
with different initial conditions, the performance of
the 4 criteria are compared based on the Root-Mean-
Squared Error (RMSE) between the true and the es-
timated Target position. For all the simulations, the
”Moving Target” estimator is used and the results
are presented in Table 2. The estimation and opti-
mization algorithms run in sequence and are updated
in real-time.

Table 2: Root-Mean-Squared Error (RMSE) in x
and y for different criteria

Criterion RMSE in x (mm) RMSE in y (mm)

D-optimality 34.5282 18.6838
E-optimality 19.9570 20.4307
A-optimality 23.8740 17.7977

Constant Offset 19.5138 23.2420

Comparing the four criteria presented in Table 2,
it is hard to come with an overall best criterion given

the conflicting effects on the x and y axes. Never-
theless, it is irrefutable that the A-optimality pro-
duces better results than the D-optimality criterion
in both axes. Also, the E-optimality seems to be
advantageous relative to the ”Constant Offset” cri-
terion when comparing the differences between their
RMSE in both axes.

3. Target Trajectory Control
3.1. Target Position Control
Assuming that the target dynamics is described by a
double integrator driven by an input u, Target tra-
jectory tracking can be accomplished with a second
order control system. The continuous system state
space representation is presented in (14). The out-
put matrix Cc uses the Skew operator S(·) of the
normalized relative vectors between the Target and
the 2 Sensors (u1 and u2). Since the system is a
non-linear one, it is not possible to use a Kalman
Filter and implementing an Extended Kalman Fil-
ter requires more computational resources and only
guarantees local convergence, thus being subject to
the quality of initial estimates. For that reason, the
estimator which will be used is the ”Moving Tar-
get” estimator, already described in Subsection 2.4
and with dynamics given by (16). Then, a LQR
controller is designed to calculate the optimal gain
matrix KLQR =

[
KP KD

]
.

Given that only estimates are available, the con-
trol law is defined as

ẗ = u = −KP (t̂− t∗)−KD( ˙̂t− ṫ∗) + ẗ∗ (19)

In Figure 5, a Simulink scheme of the Target po-
sition control is portrayed.

Figure 5: Simulink Model of the Target Position
Control with the LQR controller

3.2. Results
Two scenarios will be considered: firstly a situation
where the Target is stationary and secondly a case
where the Target is given a specific reference to fol-
low, more particularly a sinusoidal trajectory along
the bridge.

For the stationary Target case, the Target state
is assumed invariant, having a null process noise.
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The sensor noise is assumed to have a constant stan-
dard deviation σ = 5o. To analyse the combination
of the Target estimation performance with the con-
troller performance, a Simulink model is created, as
depicted in Figure 5. The Target starts with follow-
ing state vector

x0 = [3 0 0 0 0 0]
T

(20)

The Sensors’ x position is always given by the bor-
ders of the bridge, the y locations are determined by
the optimization process and the z positions are set
equal to the Target’s z position estimate, maintain-
ing all three in the same horizontal plane and keeping
the optimization problem uncomplicated.

In terms of the LQR controller, after testing sev-
eral pairs of LQR matrices QLQR and RLQR, the
best values found for this simulation are QLQR =
10I6 and RLQR = I3. The optimal LQR matrix
gain KLQR is calculated using the MATLAB func-
tion lqr(Ac,Bc,QLQR,RLQR).

The estimator’s L matrix gains, L1 and L2, must
respect the condition L2 ≺ 0.234 L1

2, as explained
in Subsection 2.4. This means that there are infinite
possible combinations of these two gains, since the
gains can be as high as one wishes. After several ex-
periments, the final values chosen for the estimator’s
L matrix are L1 = 50I and L2 = 37.5I.

After having defined the controller’s KLQR matrix
gain and the estimator’s L matrix, 20 Monte-Carlo
(MC) are averaged and carried out with different ini-
tial estimates of the state, and the performance of
the 4 criteria are compared based on the RMSE. In
Subsection 2.5, the different criteria are compared
based on the RMSE between the estimate and the
true value of the Target’s position. Now, this criteria
comparison will be performed with a LQR controller
on top. Therefore, for each criterion, the true posi-
tion will be compared not only with the estimated
value, but also with the desired one. In Table 3 are
listed the RMSE for the 3-dimensional axes between
the estimated and the true Target’s position and in
Table 4 the RMSE between the true and the desired
Target’s position. For all the simulations, the ”Mov-
ing Target” estimator is used.

Table 3: Root-Mean-Squared Error (RMSE) be-
tween the Estimated and the True Target’s Position
in x, y and z for different criteria, with a Stationary
Target

Criterion RMSE in x (mm) RMSE in y (mm) RMSE in z (mm)

D-optimality 50.4461 25.3811 15.2849
E-optimality 30.0752 26.9098 14.2339
A-optimality 38.6422 26.0345 15.0239

Constant Offset 28.6261 30.8578 14.7179

All things considered and taking into account the
results obtained in both Tables 3 and 4, it is visible
that, in general, the E-optimality criterion leads to

Table 4: Root-Mean-Squared Error (RMSE) be-
tween the True and the Desired Target’s Position
in x, y and z for different criteria, with a Stationary
Target

Criterion RMSE in x (mm) RMSE in y (mm) RMSE in z (mm)

D-optimality 129.3776 105.1350 79.2338
E-optimality 126.6488 103.9396 77.9351
A-optimality 128.9813 105.2138 79.0412

Constant Offset 128.1783 114.0077 81.0234

better estimation and control results in a scenario
where the Target is stationary. It can also be stated
that the ”Constant Offset” criterion, which is the
only one that does not involve optimizing the Fisher
Information Matrix, produces worse results mainly
in the y axis when comparing with the optimality
criteria.

The second scenario considered is the situation
where the Target performs a sweeping action under
the bridge’s deck with a sinusoidal trajectory, in or-
der to investigate the existence of any defect. The
bridge’s width is again considered to be 14m and the
bridge’s height equal to 10m. The origin of the co-
ordinated system is considered to be in the middle
of the bridge at an altitude slightly lower than the
bridge deck to allow the Targets to perform their
structural investigation tasks. The Target starts in
the ground at a point in the middle of the bridge and
the Sensors are initially placed in opposite sides of
the bridge at the same estimated z value of the Tar-
get and at a y distance dependent on the criterion
used. Since both Target and Sensors begin the sim-
ulation from a flat ground/platform situated under
the bridge, their z coordinate is known and so the
initial estimate of z can be set equal to the true Tar-
get’s z value. Thus, the initial conditions are given
by

x0 =
[
0 0 −10 0 0 0

]T
x̂0 =

[
−1 1 −10 0 0 0

]T (21)

In Figure 6, a simulation of the scenario above ex-
plained is depicted in a perspective from above. For
this simulation, the criterion used in the maximiza-
tion of the FIM is the A-optimality criterion.

Figure 7 shows the desired, true and estimated
position and velocity of the Target following a si-
nusoidal trajectory. The difference between the
estimated and true position values mitigates very
quickly and for that reason the green line represent-
ing the estimated trajectory is overlapping the true
trajectory blue line in all the plots. In all 3 axes
it can be seen the convergence of both position and
velocity to the correspondent desired values.

After averaging over 20 Monte-Carlo (MC) runs
with different initial estimates of the Target state
vector, the performance of the 4 criteria are com-
pared based on the RMSE. In Table 5 are listed the
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Figure 6: Sensors-Target Geometry seen from above
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(a) Desired, True and Esti-
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(b) Desired, True and Esti-
mated x Velocity
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(c) Desired, True and Esti-
mated y Position
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(d) Desired, True and Esti-
mated y Velocity
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mated z Position

0 2 4 6 8 10
0

1

2

3

4

5

6
Desired, True and Estimated Velocities in z axis

Time[s]

Z
 V

el
oc

ity
[m

/s
]

 

 
Desired Velocity
True Velocity
Estimated Velocity

(f) Desired, True and Esti-
mated z Velocity

Figure 7: Desired, True and Estimated Position and
Velocity of Target following a Sinusoidal Trajectory

RMSE for the 3-dimensional axes between the esti-
mated and the true Target’s position and in Table 6
the RMSE between the true and the desired Target’s
position.

The results shown in both Tables 5 and 6 indicate
that, although there is no clear evidence of a criterion
that has undoubtedly the lowest RMSE between the
estimated and true Target’s position, the same does
not happen when comparing the true with the de-
sired position. In this case, the A-optimality leads to
better results whereas the ”Constant Offset”, which
is the only non-optimal of all the considered criteria,

Table 5: Root-Mean-Squared Error (RMSE) be-
tween the Estimated and the True Target’s Position
in x, y and z for different criteria, when performing
a sinusoidal trajectory

Criterion RMSE in x (mm) RMSE in y (mm) RMSE in z (mm)

D-optimality 48.6215 26.1653 32.2716
E-optimality 34.7550 31.6491 33.3210
A-optimality 46.5583 27.5222 33.1201

Constant Offset 32.0687 33.8432 32.3295

Table 6: Root-Mean-Squared Error (RMSE) be-
tween the True and the Desired Target’s Position
in x, y and z for different criteria, when performing
a sinusoidal trajectory

Criterion RMSE in x (mm) RMSE in y (mm) RMSE in z (mm)

D-optimality 213.4988 118.1488 1839.7958
E-optimality 209.2227 117.7496 1777.3227
A-optimality 206.5138 116.4500 1785.2439

Constant Offset 212.0066 121.5137 1791.9211

produce worse results mainly in the y axis.

4. Network Localization
4.1. Rigidity of Point Formation

To study the solvability of this network localization
problem, it is necessary to define a network N of
n nodes in 2D space. From those n nodes, s rep-
resent ”anchor” nodes which have GPS capabilities
and therefore know their exact position, i.e, the Sen-
sors. The remaining n − s = t nodes represent the
Targets that do not know their exact location and
can only infer their position from bearings measure-
ments. The aim is to determine the unknown po-
sitions of the t Targets given the known locations
of the s Sensors and the required bearing measure-
ments. A network N can be described by an undi-
rected graph GN = (V,E) where V is the set of
nodes or vertices and E is the set of unordered pair
of vertices that have a link between them, usually
called edges. A network N can also be described by
a directed graph ĜN = (V,D) where V is the set
of nodes or vertices and D is the set of ordered pair
of vertices called directed edges. A directed graph
is a graph where the edges have a direction associ-
ated with them. A point formation has a similar
graph associated with the corresponding network,
with the only difference that in a point formation
there are extra edges that link all the anchor nodes,
forming the grounded graph ĜN. A point forma-
tion is called rigid if the distance between each pair
of nodes remains constant over time. Rigidity is a
property of the graph that can be used to prove the
uniqueness of network localization solutions. When
an undirected graph is transformed into a directed
one, rigidity is not necessarily maintained and thus
undirected rigidity is a necessary but not sufficient
condition for directed rigidity.
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4.2. Construction Method For Directed Rigid For-
mations

One construction method that preserves the undi-
rected rigidity of point formations is the so-called
Henneberg construction method which is described
in [6]. A similar approach can be made when con-
structing directed graphs, bearing in mind that the
direction of the edges is now critical and must be
taken into account. This method starts with a sin-
gle link between the 2 anchors at the first step to
initialize the construction of the grounded graph, il-
lustrated in Figure 8(a). Then, there are mainly two
possible operations that will be explored in the ex-
tension process of the rigid directed graph. First,
there is the directed vertex addition (DVA), in which
a new vertex is added with two edges directed from
two other vertices in the rigid graph to the new ver-
tex, shown in Figures 8(b) and 8(c). The second op-
eration is the directed edge splitting (DES) in which
an existing directed edge (j, k) is removed and a new
vertex i is added with two directed edges (j, i), (i, k)
and a third directed edge linking another vertex from
the graph (other than j and k) to the new vertex i,
portrayed in Figure 8(d).

(a) Initialisation of the
grounded graph with two
anchors (Sensors 1 and 2)

(b) Directed vertex addition
step (Target 1)

(c) Directed vertex addition
step (Target 2)

(d) Directed edge splitting
step (Target 3)

Figure 8: Steps in the Construction Method For Di-
rected Rigid Formations

4.3. Convergence and Uniqueness of the Stationary
Solution

After having designed a rigid formation with the con-
struction method presented above, the next step in
the network localization problem is to prove the con-
vergence to a unique stationary solution using a well-
designed estimator. For this section, the estimator
used will be the ”Stationary Target” estimator de-
scribed in Subsection 2.4.

A simple approach to study the uniqueness of the
stationary solution obtained can be introduced by
first considering the simplest case where one Target
is localized using the bearing measurements from two
Sensors. The estimation equation would then be

t̂+ = t̂ + α
(
S(us1)2(̂t− s1) + S(us2)2(̂t− s2)

)
(22)

where, for the sake of simplicity, the notation t̂ ≡
t̂(t) and t̂+ ≡ t̂(t + 1) was adopted. Under the as-
sumption that the estimator converges, t̂(t + 1) =
t̂(t), and the equation becomes

S(us1)2(̂t− s1) + S(us2)2(̂t− s2) = 0 (23)

being the unique solution of (23){
S(us1)2(̂t− s1) = 0

S(us2)2(̂t− s2) = 0
(24)

and corresponding exactly to t̂ = t.
Expanding (24) to N Targets, a system of 2N

equations will be obtained. This system of equations
can be transformed into a matrix form like

A · T̂N = D · S2 (25)

where T̂N =
[̂
t1 t̂2 . . . t̂N

]T
and S2 =

[
s1 s2

]T
The uniqueness of the stationary solution is guar-

anteed if and only if matrix A has full rank. The
estimator given in (22) can also be extended to N
targets

T̂+
N = T̂N + α(F · T̂N −G · S2) (26)

The convergence is guaranteed if ρ(I + αF) < 1, for
sufficiently small α.

4.4. Results
A network formation of two Sensors and five Tar-
gets is developed using the construction method de-
scribed in Subsection 4.2. The network formation
is built up in such a way that in the end there is no
Target with two direct measurements from the 2 Sen-
sors. Also, in order to construct a network involving
every Target, each one should be used for at least
one bearing measurement of another Target. The
Targets need to be placed carefully in the network
in order to avoid collinear bearing measurements of
the same Target. A network formation which en-
sures all these requirements is constructed using the
construction method described in Subsection 4.2 and
is depicted in Figure 9.

As mentioned in Subsection 4.3, the convergence
and uniqueness of the stationary solution obtained
when using a well-designed estimator like the ”Sta-
tionary Target” estimator can be demonstrated by
analysing the rank of matrix A and the condition
ρ(I + αF) < 1, as in (25) and (26).
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Figure 9: Construction of a Network Formation with
2 Sensors and 5 Targets

For the network formation depicted in Figure 9,
the dynamics of the estimation process can be ex-
pressed by the following system

s+1 = s1

s+2 = s2

t̂+1 = t̂1 + α
(
S(u51)2 (̂t1 − t̂5) + S(u31)2 (̂t1 − t̂3)

)
t̂+2 = t̂2 + α

(
S(us22)2 (̂t2 − s2) + S(u12)2 (̂t2 − t̂1)

)
t̂+3 = t̂3 + α

(
S(us23)2 (̂t3 − s2) + S(u23)2 (̂t3 − t̂2)

)
t̂+4 = t̂4 + α

(
S(us14)2 (̂t4 − s1) + S(u34)2 (̂t4 − t̂3)

)
t̂+5 = t̂5 + α

(
S(us15)2 (̂t5 − s1) + S(u45)2 (̂t5 − t̂4)

)
(27)

When the estimations converge

t̂+i = t̂i for i = 1, . . . , 5 (28)

and the system of equations in 27 can be rewritten:

A · T̂5 = D · S2 (29)

where T̂5 =
[̂
t1 t̂2 t̂3 t̂4 t̂5

]T
, S2 =

[
s1 s2

]T
The rank of matrix A and the spectral radius of

(I+αF) can be calculated straightforward after hav-
ing defined the exact locations of the Sensors and
Targets in the network formation.

In this scenario, the 2 Sensors are placed in the
boundaries imposed by the bridge deck where they
can obtain GPS position information to localize
themselves. The 5 Targets are placed forming a pen-
tagonal shape. Sensor 1 and Sensor 2 are placed
in opposite sides of the bridge with coordinates
s1 =

[
− d

2
0 0

]T and s2 =
[
d
2

0 0
]T , respectively.

Then, the five Target locations are also defined tak-
ing into account the bridge width d and in such
a way that 180o (collinear) measurements are non-
existent: t1 =

[
− d

6
d
2

0
]T

, t2 =
[
d
6

d
2

0
]T

, t3 =[
d
3
− d

4
0
]T

, t3 =
[
d
3
− d

4
0
]T

t4 =
[
0 − d

2
0
]T

and t5 =
[
− d

3
d
4

0
]T

.

After having defined the positions of each element
in the network formation and obtained the bearings
measurements, the rank of matrix A and the spec-
tral radius of (I+αF) can be easily calculated with a

MATLAB script. As expected, the matrix A of this
network formation has full rank and therefore the
uniqueness of the stationary solution is confirmed
and corresponds to the exact locations of the Tar-
gets. Also, with the value α = 0.6 it follows that
ρ(I+αF) < 1, implying that the error T̃5 = T̂5−T5

converges to zero. In Figure 10 the estimation pro-
cess of the network formation is depicted. The initial
estimates of the Targets’ positions are randomly cho-
sen.
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Figure 10: Network Formation Estimation Process
with 2 Sensors and 5 Targets

In Figure 10, each blue line indicates the position
estimate of the corresponding Target during the es-
timation process, having in its end a dark blue di-
amond which illustrates the final position estimate.
These dark blue diamonds are overlapping the black
dots representing the true Targets’ locations, demon-
strating the convergence of the estimates to the cor-
responding true values.

5. Conclusions and Future Work

This work addresses the topic of simultaneous Tar-
get control, Target position estimation and Sensor-
Target geometric configuration optimization. It also
focus on the problem of network localization using
bearings-only measurements. A detailed description
of the problem is done, followed by an overview of the
most relevant state-of-the-art literature. Two novel
estimators are designed to estimate the Target’s po-
sition, the ”Stationary Target” and the ”Moving
Target” estimator. Then, the Sensors-Target geo-
metric configuration is optimized with the goal of
maximizing the information provided by the mea-
surements so that the Target position estimation er-
ror is minimized. Several objective functions based
on the FIM are tested and different geometric config-
urations are obtained. After comparing the RMSE
between the true and the estimated Target’s position
obtained with these criteria and with a non-optimal
one named ”Constant Offset”, it can be concluded
that, apart from the Sensitivity criterion, the op-
timality criteria are, in general, best suited for es-
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timating the Target’s position than the ”Constant
Offset” criterion.

In Section 3, a controller is added to command
the Target’s position according to a desired trajec-
tory. The several criteria are tested and compared
regarding not only the estimation error, but also the
difference between the true and the desired position.
The results obtained suggest that the E-optimality
criterion leads to better estimation and control re-
sults in a scenario where the Target is stationary,
whereas the A-optimality criterion is the best suited
objective function for a scenario where the Target is
following a sinusoidal trajectory. In both stationary
and moving Target cases, the ”Constant Offset” cri-
terion has the highest errors and thus it is considered
the worst of the four criteria studied.

Section 4 describes a possible construction method
for directed rigid formations and demonstrates the
convergence and uniqueness of the stationary solu-
tion constructed with that method. An example
with five Targets and two Sensors is constructed and
the convergence and uniqueness of the stationary so-
lution is confirmed. The ”Stationary Target” esti-
mator is used to perform all the estimations of the
Targets’ positions and, in the end, as expected, the
estimates of each Target converge to their exact lo-
cation.

There are several possible extensions of this work,
such as the implementation of the algorithms devel-
oped in this work on real quadrotors, with all the
practical issues which were not taken into account.
Another suggestion for improvement involves refin-
ing the optimization and estimation processes, for
instance, by using the future Target localization in-
stead of the current one. Operational constraints
involving obstacles in the environment such as the
bridge’s columns could also be considered. Lastly, as
far as the network localization problem is concerned,
this work deals with fixed networks and a stimulating
challenge would be to develop a theory of localizable
networks that, instead of stationary Targets, consid-
ers moving ones, under certain conditions.
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