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ABSTRACT	
 

One of the most used vigilance tests is the psychomotor vigilance test, known by its sensibility to fatigue. 

However, the test only allows getting accurate information in a limited time basis and requires full 

commitment of the user, making it not optimal for continuous monitoring. 

Therefore, in order to overcome these limitations this thesis deals with the problem of quantifying readouts 

of attentional processes in a continuously basis. A mathematical formulation for estimating readouts of 

attention is proposed using only limited reaction responses distributed randomly in time.  

The relation between encephalography’s metrics and attention is one of the most reviewed in the 

literature. An experiment was designed to evaluate if the encephalography’s metrics related to attentional 

processes can be modelled by limited reaction responses. Recruited volunteers performed the main task, 

a TETRIS game with embedded reaction tests, and simultaneous acquisition of encephalogram at the 

Institute of Systems and Robotics. 

Features related to gamma and alpha band are the optimal ones to be modelled by the reaction times, 

achieving medium/strong correlation (p<0.05) between the estimation and their value. 

The TETRIS framework showed potential to be a possible attention test and not just a means to achieve 

validation of the proposed mathematical formulation for vigilance monitoring. Feature extraction 

techniques based on control theory are proposed to extract relevant characteristics from time dynamics of 

the output estimation of the power of low Gamma band. 

Lastly, the obtained results and limitations are discussed and possible future work is proposed.  

Key-words: Attention, Continuous Reaction Times, Encephalography, TETRIS, Feature Contenders, 

Kalman Filtering 
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RESUMO	
  

Um dos testes de vigília mais conhecidos é o teste de vigilância psicomotora, conhecido pela sua 

sensibilidade à fadiga. Porém, o teste só consegue obter informação precisa num curto intervalo de 

tempo e necessita de total compromisso por parte do utilizador, tornando-o limitado para monitorização 

contínua. 

Deste modo, para ultrapassar estas limitações, esta tese aborda o problema de quantificação de 

mecanismos da atenção numa base contínua. Uma formulação matemática para estimar mecanismos de 

atenção é proposta usando apenas tempos de reação esparsos e distribuídos de forma aleatória no 

tempo. 

A relação entre métricas encefalográficas e atenção é uma das mais estudadas. Um protocolo 

experimental é construído para avaliar se estas métricas relacionadas com a atenção podem ser 

modeladas por tempos de reação esparsos. Voluntários recrutados realizam a tarefa proposta, um jogo 

de TETRIS com tempos de reação embebidos, com a aquisição simultânea de encefalografia no Instituto 

de Sistemas e Robótica.  

Métricas relacionadas com a banda gama e alfa são as melhores para serem modeladas pelos tempos 

de reação, obtendo uma correlação média/forte (p<0.05) entre o seu valor estimado e real.  

A plataforma TETRIS mostra potencial como um possível teste de atenção e não apenas um meio para 

validar a formulação matemática proposta. Métodos de extração de padrões baseados em teoria de 

controlo são propostos para extrair características relevantes da dinâmica temporal da estimação da 

potência do gama. 

A parte final da tese discute os resultados obtidos e as suas limitações e propõe trabalho futuro.  

Palavras-Chave: Atenção, Tempos de reação contínua, Encefalografia, TETRIS, Caraterísticas 

candidatas, Filtro de Kalman 
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1. INTRODUCTION	

1.1 ESSENTIAL	CONCEPTS	
 

Different activation states of the cerebral cortex impact the ability to process information in our daily life. 

The scientific community has been using terminologies like alertness, vigilance and attention over the 

years. These terminologies are used differently in distinct scientific fields and scopes, making a general 

and accepted definition of these concepts a difficult task. One example is vigilance, which has its own 

definition across different scientific areas: (Oken, Salinsky, & Elsas, 2006)   

 

Figure 1 – Different vigilance formulations of people of different professional backgrounds 

Therefore, one of the most important steps of any scientific research in the field of attention is to define 

these terminologies to be clear in the purpose of the research. Two main concepts are essential: Attention 

and Vigilance. Most models in the field consider alertness the higher-level attentional processes, where 

alertness is the organism’s physiologic and behavioural to respond to any type of stimulation. Alertness is 

the concept people commonly mistake as “Attention”. Alertness can be divided in two categories: phasic 

and tonic alertness. Tonic alertness is the individual’s responsiveness in long intervals (minutes to hours). 

Examples of lower tonic alertness are drowsiness in long duration of monotonous tasks and 

sleepiness(Degutis, 2010). In many studies tonic alertness is used as a synonym of vigilance and 

sustained attention. Phasic attention can be defined an individual’s momentary changes in 

responsiveness and receptivity to different stimulations (within milliseconds). For example, higher phasic 

alertness makes people respond more to warning signals or distracting stimuli that come outside the 

Psychologists and 
cognitive 

neuroscientists  

Vigilance is the ability to 

sustain performance of a 

certain task for a period of 

time.  

Animal behavior 
scientists and 

psychiatric 
clinicians 

Vigilance as an 

individual’s awareness 

to potential threats or 

dangers.  

Clinical 
neurophysiologists 

Vigilance as a 

measure of the 

arousal level on the 

sleep–wake spectrum 

without taking in 

consideration 

cognitive processing.  
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scope of their main task (Degutis, 2010; Oken et al., 2006)(Sohlberg & Mateer, 2001). Some authors 

divide attentional processes in five branches.  

1. Focused Attention (Orienting Attention) – It is related to the basic responsiveness to stimulation. It 

is closely linked to phasic alertness. It is the ability to respond discretely to specific visual, auditory 

or tactile stimulation; 

2. Sustained Attention (Vigilance) – It is the ability to preserve a consistent behavioural response 

during a continuous and repetitive activity. In these tasks, stimuli occur randomly and infrequently 

relative to the main task.  

3. Selective Attention – It refers to the maintenance of attention under the presence of competing or 

distracting stimuli. This is the most known form of attention. Individuals who have deficit of 

selective attention are easily attracted to external non -relevant stimuli. 

4. Alternating Attention – It refers to shifting attention from one task to another (task shifting); 

5. Divided Attention – It refers to the common term of “multi-tasking”, where the individual responds 

simultaneously to multiple tasks.  

For matters of simplicity, in the thesis the concept of attention will be interchangeable with selective 

attention. The same is done with vigilance and the concept of long-term sustained attention (hours). In this 

work, short-term sustained attention (minutes) is considered outside the scope of the vigilance and 

considered to be included in attention. When the concept of attentional processes is mentioned, it refers to 

five branches listed above. This is probably the most important paragraph of the entire thesis. Every time 

the reader gets confused about the terms, it is suggested to come back to this sub section. 

Just to be clear, despite the main motivation of the thesis is related to vigilance, most work ended up 

belonging to the field of attention. Therefore, most of the review of the thesis (chapter two, three and four) 

is also oriented to attention. 

1.2 	MOTIVATION	
 

In nowadays society, the ability of an individual to sustain attention while task performing is of great 

practical importance. It is not only important to sustain attention, but also selectively focus on relevant 

information, ignoring the rest. However, there are several situations that can lead to attention or vigilance 

impairment. The biggest contributors are the individual’s levels of fatigue (mental, physical or 

psychological) and sleepiness. It is countless the number of professions where fatigued individuals 

routinely perform complex and high risk tasks with severe consequences in case of failure, such as drivers 

and aircraft pilots. Also, fatigued clinicians have attention impairments, showing a decrease in 

performance and medical errors that may compromise patient care. Moreover, lack of attention in 

lifeguards permit drowning (Taylor-Phillips et al., 2015), and unfocused train drivers cause major 
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collisions, leading to the necessity of finding strategies to monitor train drivers’ attention (Edkins & Pollock, 

1997).  

According to the World Health Organization (WHO), car accidents are the primary cause of death in adults 

from 18 to 29 years old, and the ninth cause of human death globally. Research points that fatigue is most 

prevalent among long-distance truck drivers, being responsible for 20-30% of crashes involving 

commercial road vehicles in Europe and the United States. Moreover, it has been reported that 10-50% of 

commercial road drivers in Australia drove regularly under fatigue conditions (World Health Organisation & 

Who, 2004). Extended periods of constant cognitive activity and high attention demand lead to a state of 

mental fatigue. In these conditions, the decrease of driver’s cognitive performance can be the cause of 

severe traffic accidents. (Boksem, Kostermans, Tops, & De Cremer, 2012) 

In aviation, human errors are still an important source of accidents despite the intense and rigorous 

training that pilots are enrolled in. In the period of 1993 to 2007, 46% of the contributing factors that led to 

fatal accidents were cockpit crew related. In addition, in-flight loss of control caused the majority of 

fatalities in worldwide commercial jet accidents in the period 2001–2010 (“Statistical Summary of 

Commercial Jet Airplane Accidents. Worldwide Operations of Boeing). Despite pilots’ intense training in 

emergency situations, several situations still require pilot’s attention and clear judgment to tackling them 

(Borghini, Astolfi, Vecchiato, Mattia, & Babiloni, 2014). Possible impairments of pilot’s attention increase 

the probability of unwanted accidents. Indeed, pilot’s fatigue is a rising problem in the aviation world. Pilots 

are subjected to long and unpredictable duty hours, long duty periods, insufficient sleep and multiple time 

zone changes, leading to mental fatigue and sleepiness. Several reports and studies have identified 

fatigue as a major contributor to numerous aviation accidents, which led to flight crashes. (Borghini et al., 

2014)(Caldwell et al., 2009)(Petrilli, Roach, Dawson, & Lamond, 2006) 

Shift work including night work, is known to be one of the biggest work risk factors. Furthermore, exposed 

shift workers have higher accident risk in consecutive night shifts and longer shift lengths, compromising 

safety and productivity (Folkard & Tucker, 2003). Night workers express more fatigue, which compromises 

attention for prolonged periods of time (Di Milia, 2006). 

The importance of studying attention goes beyond fatigue, which has been described as a major 

performance impairment factor in multiple situations. Several studies point that understanding 

mechanisms of attention has the potential to give insights about cognitive disorders, such as Narcolepsy, 

Alzheimer (AD), Attention deficit hyperactivity disorder (ADHD) and schizophrenia (Allahverdy, Nasrabadi, 

& Mohammadi, 2011; Naumann, Bellebaum, & Daum, 2006; Rieger, Mayer, & Gauggel, 2003)(Belleville, 

Chertkow, & Gauthier, 2007; Carter et al., 2010; Orellana, Slachevsky, & Peña, 2012). 

Narcolepsy is a neurological disorder that affects the ability of controlling sleep and wakefulness. People 

who suffer from narcolepsy experience excessive daytime sleepiness and uncontrollable episodes of 

falling asleep during the day. Many patients with narcolepsy complain about attention and memory 
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problems, leading to presumably difficulties in maintaining their daily work’s performance (Rieger et al., 

2003). Findings show that these patients show attention deficits, especially in sustaining attention for long 

periods of time and performance in shifting attention tasks (Naumann et al., 2006). Moreover, narcoleptic 

patients show substantial worse results in vigilance tests, such as psychomotor vigilance test, and 

decreased activity in cortical areas related to attention compared to healthy subjects. It is estimated that 1 

in 2000 people in the United States suffer from narcolepsy (Thomann et al., 2014)(Rieger et al., 2003).  

The transition stage between normal aging and Alzheimer’s disease (AD) is designated syndrome of mild 

cognitive impairment (MCI). AD is a progressive and degenerative brain disease that results in dementia. 

Almost half of the dementia related diseases are associated to AD.  Most of the research in MCI and AD 

has been focused in features regarding working memory, where memory loss is one of the most 

discriminative symptoms of the disease (Bondi, Jacobson, & Salmon, 2010). However, research points 

that other cognitive markers are becoming more relevant in early stages of AD’s cognitive decline. In fact, 

one marker is the ability to sustain attention for prolonged periods of time. Since attention is one of the 

most relevant and complex cognitive process of the brain, it is impaired in most neurological disorders 

affecting cognitive processing (Smart, Segalowitz, Mulligan, & MacDonald, 2014). Moreover, there is an 

impairment in attentional cognitive control as MCI progresses to AD, since AD compromises attention 

executive control and attention shifting in its early stages (Belleville et al., 2007). 

Another cognitive mental disorder tightly related to attention is Attention deficit hyperactivity disorder 

(ADHD), where the main symptoms include difficulty in ignoring distractors, hyperactivity and impulsivity. 

ADHD is one of the most commonly diagnosed neuropsychiatric disorders in children and adolescents in 

the United States with a prevalence of 3% to 6% (Barry et al., 2010). Worldwide, it is estimated to be most 

common psychiatric disorder among children and adolescents with a prevalence of 5.9 to 7.1%. ADHD 

has a negative impact in academic performance, social behaviour and future personality, extending to 

adulthood(Kim et al., 2015). 

Attention deficits also affect patients who suffer from schizophrenia, which affects 1% of the world’s 

population. Schizophrenia’s symptoms strike at an early age and full recovery has not been yet achieved 

with current therapies. Studies using functional magnetic resonance imaging (fMRI) reveal significant 

attention deficits in patients with schizophrenia. During attention tasks, neuroimaging has shown that 

patients with schizophrenia have abnormal brain activity in cortical areas related to attention (Carter et al., 

2010)(Orellana et al., 2012). 
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Figure 2 - Summary of the problematic issues related to attention found in the literature review 

 

There are several fields a more deep study of attentional processes could bring substantial contributions 

in order to improve safety, maximize work performance and improve quality of life, such as the ones 

described above. Methodologies to quantify readouts related to vigilance and attention are imperative in 

nowadays society to tackle the problems summarized in Figure 2. These potential fields include for 

example: the monitoring and forecasting of fatigue’s trends or the development of evaluation tools to 

improve diagnosis of neuropsychiatric disorders. It is in this field I thought I could make some progress 

and give my own contributions. In the following sub-section, the main goals of the thesis to address these 

issues are given. 

1.3 	THESIS	OBJECTIVES	
	

Psychomotor vigilance test (PVT) is one common tool to tackle attention/vigilance deteriorations. For 

example, PVT has been used to evaluate pilot’s vigilance, performing the test a few times during the 

task’s duration. However, it suffers from some limitations:  

1. The need of full engagement of the subject to perform the PVT test, imposing an execution 

interruption of the main task, such as driving and piloting; 

2. Despite providing accurate and valuable information, the test only provides information in a short 

time window that corresponds to its duration of the test. 

These two limitations make the PVT not suitable for continuous fatigue monitoring, especially in critical 

tasks. Therefore, the main objective of the thesis is to develop a minimum intrusive approach of vigilance 

quantification through sparse and non-uniform time distributed reaction stimuli responses. In this approach 

a subject has to react occasionally to stimuli while performing his/her main task. 
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This methodology allows the subject to maintain its primary task while continuously quantify the levels of 

tonic alertness. The price to pay is a higher variance/uncertainty on each measurement when compared 

with the traditional PVT test. The overall accuracy is improved by taking into account all measurements 

under the adoption of smooth constraints for the vigilance levels across time. In other words, there is a 

trade-off between information resolution (degree of accuracy of each measure) and time resolution (time 

window of available data). In other to reach this main objective, other goals are formulated. 

One of the main goals is to develop a mathematical formulation for readouts of attention so that these 

attentional processes (vigilance, selective attention, etc.) can be estimated using only continuous reaction 

times. The formulation of this estimation problem is necessary due to the main drawback of the proposed 

sampling methodology: the low degree of accuracy of each measurement (reaction time). This estimation 

problem was formulated using Kalman filtering, where the variance of the noisy continuous reaction times 

(CRTs) is minimized to model attentional processes (target variable), Figure	3 and Figure	4. 

	

Figure	3	–	Schematic	of	the	process	of	estimating	attentional	processes	using	only	limited	reaction	times 

In the beginning, one goal was to build an experimental design to validate the sampling methodology and 

the proposed mathematical formulation for vigilance monitoring. However, an experimental design for 

sustain attention task is complex as it would take a considerable amount of time and hardware, which was 

not available. Thus, the intent to validate only the potential of the methodology and of the mathematical 

formulation to estimate readouts of attentional processes in general. Therefore, an easier and more 

executable experiment was designed. The procedure used for validation is based on a TETRIS game. 

The game simulates a general task where attention is requested, simulating workers in high attention 

demand tasks. During the game, and without having to stop it, the subject responds to random stimulus 

embedded in the game. The experimental design involving TETRIS is of short duration and therefore, this 

specific experiment is not intended to evaluate vigilance. The experimental design is directed to short term 

sustained attention and focused/selective attention. These concepts regarding attention will be defined in 

chapter 2.  

CRT	(Input	Variable)	 Kalman	Filter	
Esdmadon		

Acendonal	Processes	
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Figure	4	–	Representation	of	the	estimation	problem	dealt	in	the	thesis	for	subject	6:	The	limited	and	noisy	reaction	times	(blue	
curve)	are	used	 to	estimate	 the	 time	dynamics	of	 readouts	of	attentional	processes	 (red	 curve).	 In	black	 it	 is	 represented	 the	
estimation	output. 

EEG is one of the electrophysiological signals most related to mechanisms of attention. As the training of 

the Kalman model needs a target variable, metrics of EEG are used for that purpose. The mathematical 

formulation is used to estimate EEG metrics related to attentional processes using the CRT-TETRIS 

framework.  

	

Figure	5	–	Thesis	Main	Goals 

1.4 THESIS	SCOPE	
 

This thesis is structured as follows: In the current chapter, an introduction to the essential concepts in the 

field of attention are given and the main motivation behind my work. Followed by a brief and concise 

summary of the work and main contributions.  

Chapter 2 provides a definition of attention and the processes of top-down and down-top attention are 

explained.  

Chapter 3 presents one of the important topics of the thesis, attention’s neurophysiology. First, an 

overview is given about the main cortical and sub-cortical attention networks and their role in attentional 
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processing. Then, a deep and robust review is made about the cortical and sub-cortical areas that have 

been the main focus in the field of attention. A special focus to visual attention is given. 

Chapter 4 starts by giving an introduction to EEG. It is followed by a literature contextualization of how 

several EEG characteristics are linked to attention and which direction the EEG research is headed in 

order to understand attentional processes.  

Chapter 5 begins with an introduction to the PVT. Then, a deep explanation about the CRT is given and 

its fundamental differences to PVT.  

Chapter 6 provides the mathematical background about the main signal processing methods used in the 

thesis. First, an introduction to the mathematical formulation of the Kalman filtering is given. Then, the 

fundamental methods used for EEG feature extraction (time and time-frequency domain) are described. 

Finally, auto-regressive modelling is introduced, followed by a brief explanation of control theory.  

Chapter 7 shows how chapter 4, 5 and 6 are brought together. It proposes a mathematical formulation for 

estimating attentional processes through Kalman filtering. Thus, it is explained how the CRT (input 

variable) is used to model EEG’s features time dynamics (target variable).   

Chapter 8 addresses the methods of the thesis. It begins with the experimental design and initial 

hypotheses. It follows with an explanation EEG’s acquisition and processing. Then, it is shown how a data 

mining strategy is able to determine the group features contenders (FCs) that are best modelled by the 

CRTs. Posteriorly, the FCs are estimated through Kalman Filter. Finally, control based feature extraction 

techniques are used to extract characteristics of the time dynamics of the FCs.  

Chapter 9 presents the main results of thesis from the acquisition, the proposed data mining strategy and 

Kalman estimation. Also, the results of the feature extraction of estimated time dynamics of one of the 

FCs is presented. 

Chapter 10 discusses what was done and which objectives were fulfilled or not. It is explained the main 

limitations of the results and how they can be improved. Also, a focus is given to how these results 

interconnect with the literature reviews of neurophysiology. 

Chapter 11 sums up the main conclusions and lists the main suggestions for future work.  

1.5 THESIS	CONTRIBUTIONS	
 

The elaboration of this thesis articulated several fields, especially in signal processing. Several methods 

and strategies were developed to tackle different problems. Most effort was deployed in the development 

of new mathematical models in the field of attention taking in account the advances in neurophysiology. 
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Most of the thesis contributions come directly from the proposed initial goals of section 1.3. The main 

contributions are listed: 

1. A review of the neurophysiology of attention: possible neuronal networks’ intervention in 

mechanisms of attention and their interconnectivity; 

2. A new methodology of continuous quantification of readouts of attentional processes is proposed 

using only limited reaction times distributed randomly through time (CRT methodology); 

3. A data mining strategy is given to select which EEG features are best modelled by the CRT. 

4. A mathematical formulation to estimate attentional processes using Kalman Filtering is proposed. 

This formulation takes in account the strengths and weaknesses of the CRT methodology, 

minimizing the variance of the noisy reaction times. 

These four contributions come directly from the proposed objectives. However, the thesis 

contributions went beyond the scope of the initial objectives. The initial goals of the thesis were 

directed to the field of fatigue and vigilance. However, some contributions can be applied more directly 

to the field of attention, mainly focused and selective attention. The main extra contributions are 

enumerated: 

• The TETRIS framework with embedded reaction and memory tests is left behind as a desktop 

application for future experimental designs destined to focused/selective attention; 

• Control theory based feature extraction techniques are proposed as tools to study the time 

dynamics of the output estimation of low Gamma power or other FCs. These techniques are left 

as future methodologies to be used to investigate potential applications of the TETRIS framework 

in cognitive and attention deficit evaluation for psychological and psychiatric pathologies such as 

ADHD or Narcolepsy.  

2. ATTENTION		
 

Attention is the process by which we are able focus on behaviourally relevant information, to select and 

enhance specified information processing while suppressing the rest that is irrelevant to the goal in hand.  
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Figure 6 – Schematic representing the main components of the attention (Clayton, Yeung, & Cohen Kadosh, 2015)  

Taking as an example a visual task, attention would demand an enhancement of the processing of the 

most important visual stimulus (task relevant), but also ignore other irrelevant task stimulus such as other 

salient visual stimulus, which are irrelevant, or other sensory stimulus such as, i.e., auditory.  

Research suggests attention can have two distinct natures. One is a bottom-up mechanism to react to the 

appearance of salient items in the visual field (Carrasco, 2011). This bottom-up attention is a feature of 

major importance because it makes us capable to react to dangerous situations. However, this added 

distractibility from bottom-up attention might compromise the performance in goal-driven tasks, which 

demand another type of attention: top-down attention. Voluntary top-down attention is a crucial element to 

select and enhance relevant subsets of sensory information in order to not only maximize information 

processing, but also to avoid distractibility of irrelevant sensory systems.  As a result, bottom-up attention 

interacts with and is influenced by top-down mechanisms, trying to redirect attention from salient but 

irrelevant aspects of the environment in order to focus on reaching specific goals (maximization of task 

performance). In top-down driven attention information flows from ‘higher’ to ‘lower’ cognitive centers, 

integrating knowledge derived from previous experience rather than sensory stimulation. In bottom-up 

driven attention, information processing occurs in a single direction from sensory input, through perceptual 

analysis, towards motor output, without involving feedback information from ‘higher’ centers (Womelsdorf 

& Fries, 2007)(Corbetta & Shulman, 2002)(Clayton et al., 2015). 

One of sensory based attention systems is visual attention. Visual attention handles with a vast number of 

mechanisms. It allows the control and monitoring of visual processing, prioritizing a location (spatial 

attention) or a particular feature in space (feature-based attention)(Carrasco, 2011). Visual distraction can 

have two causes. One is a bottom-up attentional response to unexpected salient visual stimuli. Another is 

the top-down capture of attention by the contents of working memory under circumstances where the 

memorized features are irrelevant for the task in hand. The bottom-up detection of salient stimuli recruits a 

ventral frontoparietal network, which includes structures such as: the ventral frontal cortex (VFC) and 

temporoparietal junction (TPJ). O the other hand, top-down attention is closely linked to the dorsal 

frontoparietal network, which is constituted by: lateral intraparietal cortex (LIP), dorsolateral pre frontal 

cortex (dlPFC) and frontal eye fields (FEF). These attentional causal structures and also subcortical 
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systems will be described more deeply in chapter 3 in the neurophysiology of attention (Corbetta & 

Shulman, 2002)(Tyler, Dasgupta, Agosta, Battelli, & Grossman, 2015)(Clark, Squire, Merrikhi, & 

Noudoost, 2015). 

Research has already pointed that when several stimuli are in competition, the selected stimuli receive 

higher processing activity when compared to the ones that were not attended. Therefore, when a subject 

performs two tasks at the same time, it is frequent to exhibit worse performance due to attentional 

limitations. As an example, visuospatial task performance is reduced when simultaneously auditory 

attention is necessary, which indicates shared resources between different attentional systems (Gherri & 

Eimer, 2011) (Spence & Read, 2003). Thus, in this multisensory world, the maintenance of attention can 

be compromised by the limited ability of information processing. The ability of allocating cortical resources 

to the desired stimuli reduces the quantity of resources deployed to unwanted stimuli stolen from the 

global supply of cortical information processing. Consequently, one of most important pillars of a global 

attention model passes through resource allocation and constant reallocation between competing 

modalities (Jensen, Kaiser, & Lachaux, 2007)(Carrasco, 2011)(Kahlbrock, Butz, May, & Schnitzler, 2012).  

One of the most popular ways to assess attention is by performing tasks that require subjects to monitor 

infrequent and temporally unpredictable stimuli over extended periods of time (around 10 minutes), such 

as continuous task performance. Some different measures of performance of proposed tasks have been 

suggested to reflect dissociable cognitive processes of neurophysiological attention disorders, such as 

ADHD and sleep disorders. (Mohl et al., 2015)(Thomann et al., 2014) Although advances in this area have 

been made, it is still not clear whether fluctuations and deteriorations in attention tests reflect significant 

dissociable neural processes in many diseases. The recording of cortical brain activity with EEG, or EEG 

conjugated with fMRI, or the EEG’s magnetic counterpart (magnetoencephalography, MEG) have been 

essential in the research of causal sources of attention and developing neurophysiological markers (Barry 

et al., 2010)(Tanaka, Ishii, & Watanabe, 2014).  

Other physiological signals have been studied to evaluate their sensibility to attention decrements, such 

as fatigue (mental and physical) and sleepiness. The most common besides EEG include: recording 

information about eye blinks and eye movements through electrooculogram (EOG); evaluation of heart 

rate variability through electrocardiogram or even variation in galvanic skin responses (Borghini et al., 

2014). 
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3. NEUROPHYSIOLOGY	OF	ATTENTION	
 

Some neuronal networks are widely recognized to carry out different mechanisms of attention. Most of 

neurophysiological modelling of attention is based in: two anatomically and functionally different cortical 

systems in the human brain and sub-cortical systems. One cortical system is the dorsal frontoparietal 

network, which is mainly responsible for not only top-down allocation of attention to specific locations and 

features (spatial and features based attention respectively), but also the preparation towards goal-driven 

and directed attention.  Another cortical system is the ventral frontoparietal network, which is believed to 

be connected mainly to down-top attention in order to respond to unexpected stimuli and to be responsible 

for shifts of attention according to their salience. Both attentional systems interact during normal vision, 

and both are disrupted in unilateral spatial neglect. 

The ventral frontoparietal network (VAN) is constituted by the temporoparietal junction (TPJ) and the 

ventral frontal cortex (VFC) and responds when behaviourally relevant stimuli occur unexpectedly. VAN is 

largely lateralized to the right hemisphere and is little involved in top-down selection and goal driven 

attention.  

The dorsal frontoparietal network (DAN) is organized bilaterally and is constituted not only by the 

intraparietal sulcus (IPS) in the parietal cortex, but also the frontal eye fields (FEF) and dorsolateral pre 

frontal cortex (dlPFC) in the frontal cortex. These areas are highly active when visuospatial attention is 

demanded. Studies point that the dorsal network is one of the major candidates in order to maintain 

spatial attention and visual working memory (Corbetta & Shulman, 2002). 
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Figure 7 – Representation of the dorsal and ventral attention systems and their interconnectivity in both brain’s 
hemispheres (L – left and R-right): FEF – frontal eye fields, IPS – Intraparietal sulcus, TPJ – Temporoparietal 

Junction, VFC – ventral frontal cortex. In left hemisphere, as the ventral system is largely lateralized to the right, it is 
represented by a faded appearance (Corbetta & Shulman, 2002). 

Both ventral and dorsal networks have frontal neuronal regions. These anterior regions are suggested to 

have the role of exerting prolonged cognitive control over perceptual processing via relays in parietal 

cortex, modulating from there several sensory areas, such as visual, auditory and somatosensory. As it 

will be more deeply explained in this section, the frontoparietal attention networks have been supported by 

several studies over the years, including lesion studies and micro stimulation. Although both systems were 

described as functionally different, novel literature points to a combined and flexible dynamic interaction. It 

also suggests the inferior frontal gyrus is a candidate for linking these same interactions (Vossel, Geng, & 

Fink, 2013). This neuroanatomic model of potential causal sources of attention has been strongly 

supported by neuroimaging evidence (mainly fMRI) among the years, where enhanced activity is found 

across both attention networks in a broad number of attention tasks (Liu, Bengson, Huang, Mangun, & 

Ding, 2014)(Thakral & Slotnick, 2009)(Esterman, Noonan, Rosenberg, & Degutis, 2013). 

Sub-cortical areas such the superior colliculus of the midbrain and the thalamic nuclei play a crucial role. 

These two areas play a more oriented gateway/modulator role instead of being directly involved in 

attention processing. The functionality of these different neuronal and non-cortical areas and their relation 

with attention will be described more deeply in this section with special focus in visual attention. 
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Figure 8 - Attention tree of potential cortical and sub-cortical regions related to of attention referenced in the literature. 

The major players include the dorsal frontoparietal network (ramification top left), the ventral frontoparietal network 
(ramification top right), a potential interface between both (inferior frontal gyrus) and two sub cortical systems 

(midbrain and thalamic nuclei) – Self Made 

3.1. SUPERIOR	COLLICULUS	
 

The midbrain is one of the elements of the central nervous system, representing the upper part of the 

brainstem. It contains several nuclei which are involved in motor control, as well as the auditory and visual 

pathways (Ruchalski & Hathout, 2012). From these nuclei, the superior nuclei have been a focus 

regarding attentional processes. The superior colliculus (SC) is a paired structure of the 

mammalian midbrain. While the inferior colliculus is involved in auditory processing, the SC focuses in 

preliminary visual processing and controlling eye movements.  In non-mammalian vertebrates, it 

corresponds to the brain’s main visual processing area, equivalent to the visual cortex in mammals. 

Moreover, in the SC different cortical depth are related to different processes. Visual neurons and other 

sensory systems are predominant in superficial layers while in deeper layers there is a predominance of 

motor-driven neurons, which allow the activation of eye-movements (Clark et al., 2015): 
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In addition, intermediate layers between the superficial and deeper layers have both multi-sensory cells 

and motor related cells (mix of superficial and deeper layers functionality). Research has already been 

made to determine the link between the SC’s oculomotor functions and attention through microstimulation 

or region’s inactivation. Electric stimulation of SC not only leads to saccadic eye movements (quick eye 

movements), but also improves the performance in attentional tasks, as reported in detection tasks and 

discrimination tasks (Cavanaugh, Alvarez, & Wurtz, 2006). Pharmacological inactivation of SC’s activity 

enhances distractibility. (Clark et al., 2015) 

3.2. THALAMIC	NUCLEI	
 

The thalamic nuclei are major elements of visual attention. The major components of the visual portion of 

the thalamus are the lateral geniculate nucleus (LGN), thalamic reticular nucleus (TRN), and pulvinar 

nucleus. Literature reports that the activity of the three nuclei is highly modulated by attention (McAlonan, 

Cavanaugh, & Wurtz, 2008)  

3.2.1. Lateral	geniculate	nucleus		
	

The lateral geniculate nucleus (LGN) is an element of the dorsal part of the thalamus and makes part of 

the visual pathway. Thus, it receives sensory input from the retina and has multiple retinocortical 

projections. The LGN transmits visual information from the retina to the brain, specifically the occipital 

lobe. Thus, LGN’s connectivity is viewed as the brain’s gateway to the visual cortex.  

The LGN is constituted by six different cell layers and two nuclei (left and right LGN). Studies have 

reported that this neuronal distribution of LGN in several layers is associated with different aspects of 

visual processing.  The information from the left visual field is processed by the right LGN nuclei, while the 

information from the right visual field is processed by the left LGN nuclei. Moreover, synapses from the 

ipsilateral eye (right) are associated with LGN odd cell layers, while synapses from the contralateral eye 

(right) are associated with LGN even cell layers. 

Despite its connectivity with the retina, most of the excitatory inputs to the LGN come from the primary 

visual cortex and other cortical regions, rejecting an initial theory that the LGN is just a passive path of 

visual information from the retina to other cortical areas. These major visual cortex interconnections exert 

a significant feedback effect on the LGN, according to the demanded attention. Higher attention leads to 

higher activity in the LGN neurons. Reversely, when dealing with distracting stimuli, LGN exhibits lower 

activity (O’Connor, Fukui, Pinsk, & Kastner, 2002). Besides the feedback provided by the visual cortex, 

LGN’s neuronal synchronization depends of other thalamic regions as well as the dorsal and ventral 

attention network systems (Clark et al., 2015). 
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3.2.2. Thalamic	Reticular	Nucleus	
 

The thalamic reticular nucleus (TRN) is one of the constituents of the ventral part of the thalamus. The 

TRN receives input from both the cerebral cortex and dorsal part of the thalamus, the LGN. From the 

three thalamic nuclei, the TRN is the only one that does not project to the cerebral cortex and has the 

main role of modulating the activity of other thalamic nuclei. 

The impairment of the TRN in lesion studies indicates its involvement in attention’s mechanisms. The TRN 

has inhibitory neurons, surrounding the thalamus. These neuronal populations promote the inhibition of 

the LGN and pulvinar nuclei through influence of the cortex, and are therefore, known as the “gatekeeper” 

of the thalamus (McAlonan et al., 2008). 

In this perspective, high attention promotes a decrease of TRN’s activity and consequently, higher activity 

in the LGN and pulvinar nuclei (Zikopoulos & Barbas, 2006). 

3.2.3. Pulvinar	Nuclei	(PN)	
	

The pulvinar nuclei (PN) are a collection of nucleus located in the pulvinar thalamus. It is suspected that 

the several pulvinar nucleus of the thalamus play an important role in visual attention, based on its 

widespread connectivity with the visual cortex and the frontoparietal attention network. However, this 

complex anatomical connectivity also leads to great speculation about its true functional role (Clark et al., 

2015). 

Studies using fMRI show PN’s activity is modulated by attention. When relevant visual stimuli compete 

with distractors for attentional resource allocation, the PN precisely represents attended stimuli but not 

distracting objects. Thus, these findings support the role of the PN in not only ignoring distracting visual 

information and non-relevant tasks, but also highlighting relevant task processes. Lesions studies also 

suggest the importance of the PN in visual attention and oculormotor behaviour (Fischer & Whitney, 

2012). 
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Figure 9 - Summary of the different functionalities of three thalamic structures related to attention 

3.3. PARIETAL	CORTEX	
 

The parietal lobe is one of the four major lobes of the cerebral cortex. It is positioned above the occipital 

lobe and behind the frontal lobe and central sulcus. The parietal cortex is an established area in visual 

attention processing, especially the temporoparietal junction (down-top attention) and the intraparietal 

sulcus (top-down attention) (Thakral & Slotnick, 2009)(Tyler et al., 2015). 

3.3.1. Temporoparietal	junction		
 

The temporoparietal junction (TPJ) is a cortical region where the temporal and parietal lobes meet: 

specifically in the intersection of the posterior end of the superior temporal sulcus, the inferior parietal 

lobe, and the lateral occipital cortex. The TPJ incorporates information from several sources such as: the 

lateral and posterior thalamus, visual, auditory, somaesthetic, and limbic areas. The TPJ is responsible for 

collecting all of this information and processing it. As mentioned before, TPJ makes part of the ventral 

frontoparietal attention network. Particularly, the right temporoparietal junction (rTPJ) is linked to 

attentional processes, mainly in attention reorientation to unexpected stimuli in down-top attention.  

Reorienting of attention is defined as the capacity to switch the focus of attention to unexpected, external 

stimuli, while actually expecting another task. Indeed, the ability of reorienting attention is crucial for 

survival as it promotes the capability to react quickly to unexpected situations (Krall et al., 2014)(Clark et 

al., 2015). Moreover, the TPJ has been linked to social cognition tasks such as empathy (Krall et al., 

2014). 
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3.3.2. Intraparietal	Sulcus		
 

Another parietal area linked to attention is the intraparietal sulcus (IPS), especially an area located in its 

lateral bank known as lateral intraparietal area (LIP).  The IPS area is a well-established element of goal 

driven attention in top-down mechanisms, being considered one of the keys of selective visual attention. 

Furthermore, IPS is intimately involved in spatial attention across both visual hemi-fields (Moos, Vossel, 

Weidner, Sparing, & Fink, 2012) (Corbetta & Shulman, 2002). Neuroimaging has also demonstrated IPS 

has a major role in establishing priority attentional maps (Molenberghs, Mesulam, Peeters, & 

Vandenberghe, 2007). LIP neuronal activity is also connected to visual and visuomotor responses like the 

SC (Clark et al., 2015). 

Despite the association with attention, microstimulation studies about LIP did not lead to improvements in 

ignoring distractors unlike other attention related areas, such as FEF and SC (Cavanaugh et al., 2006). 

Despite the lack of conclusions in microstimulation, LIP inactivation lead not only to impairment of 

performance in feature based attention and in shifting attention tasks, but also to an increase in 

distractibility. Lesion studies of the IPS enhance its critical function in spatial attention (Gillebert et al., 

2011)(Vossel et al., 2013). 

 

Figure 10 – Summary of the functionalities of the different structures in the parietal lobe involved in attention 

3.4. FRONTAL	CORTEX	
 

3.4.1. Pre	Frontal	Cortex	(dorsolateral	pre	frontal	cortex	and	frontal	eye	
field)	

  

The prefrontal cortex (PFC) is the part of the cerebral cortex that covers the front part of the frontal lobe.  

Since several years ago, PFC has been considered one of the biggest sources of cognitive control, being 

responsible for a wide range of cognitive functions essential to control behaviour in situations far way 

more complex than response to a fixed stimuli. PFC is intimately related to goal and context driven top-
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down attention (Miller and Cohen, 2001; Knudsen, 2007; Miller and D’Esposito, 2005). The presence of 

anatomical projections from the PFC to several of sensory cortical areas (Yeterian et al., 2012) suggests 

that PFC must have a direct influence on them. 

3.4.1.1. Dorsolateral	Pre	frontal	cortex		
 

Among the various areas of PFC, the dorsolateral prefrontal cortex (dlPFC) was initially one of most 

studies areas in executive and cognitive control and conflict processing (Oehrn et al., 2014). From 

neurophysiological imaging, it is believed that dlPFC has a significant contribution for not only spatial 

working memory, but also visuospatial information. Moreover, responses in the dlPFC reflect the location 

of covert attention (mentally shifting visual attention focus without moving the eyes)(Clark et al., 2015). 

Lesion studies show dlPFC is crucial for divided attention of unrelated auditory and visual stimuli 

(Johnson, Strafella, & Zatorre, 2007). 

Thus, dlPFC activity is intimately related to the ability to ignore interference from distracting stimuli and 

non-relevant task processes. Findings using visual tasks with embedded distractors allowed to conclude 

LIP in the parietal cortex had a much higher response to both task related processes and non-related 

(target and distractor) while dlPFC was able to strongly suppress irrelevant distractors than LIP. 

Furthermore, the strong distractor suppression promoted by dlPFC was not only longer both temporally 

and spatially compared to LIP, but also had anticipatory character. On the hand, reversible inactivation of 

the dlPFC provokes higher distractibility than the inactivation of LIP. Although both areas have been 

closely linked to selective attention, the dlPFC has a more determining role in filtering distractors (Suzuki 

& Gottlieb, 2013). 

 

3.4.1.2. Frontal	Eye	fields	
 

One of most studied sources of visual attention in the PFC is the frontal eye field (FEF). FEF has been 

identified as an oculomotor region, associated with the control of eye movements. Destruction of the FEF 

causes deviation of the eyes to the ipsilateral side (both to the same side). FEF is one of the elements of 

the dorsal frontoparietal attention network, responsible for top-down goal driven attention. Furthermore, 

FEF is interconnected to cortical areas intimately related to attention, such as SC and LIP. Thus, it has 

been causality linked to the deployment of spatial attention and to the activity in the visual cortex (Vossel 

et al., 2013). In addition, FEF can anticipate occipital alpha power, which is one of most important markers 

in visual processing (Marshall, O’Shea, Jensen, & Bergmann, 2015).  Electrical stimulation of the FEF 

produces quick eye movements and lower spatial attention in animals. (Esterman et al., 2015) 

In pharmacological suppression, the reversible inactivation of FEF activity produces performance 

impairment in attentional tasks, such as convert visual searches (visual tasks where a person focus in a 
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particular target without moving his/her eyes) and visual discrimination tasks. In addition, its inactivation 

leads to lower and delayed activity in the visual cortex. (Monosov, Sheinberg, & Thompson, 2011) (Clark 

et al., 2015) Both pre frontal cortex areas of the dorsal network, dlPFC and FEF are interconnected 

directly and indirectly and operate together to enhance visuospatial attention and to filter distractors. 

(Suzuki & Gottlieb, 2013)(Clark et al., 2015)  

3.4.2. Inferior	Frontal	Gyrus	(IFG)	
 

Other crucial component of attention networks is the inferior frontal gyrus (IFG). The IFG is a gyrus (ridge 

on the cerebral cortex) of the frontal lobe. Neuroimaging studies have demonstrated the involvement of 

the right inferior frontal cortex (rIFC) in the inhibition of motor responses. In this perspective, it is believed 

rIFG has a role of suppressing the behaviour to unexpected and distracting objects. (Greene & Soto, 

2014) Response inhibition is impaired in some neuropsychiatric disorders, such as ADHD (Aron & 

Poldrack, 2005). 

However, the complete role of rIFG is not consensual, as controversy exists in considering the rIFG as 

neuronal area with an unique role. In fact, its activity is present during task relevant processes and 

reorientation and shifting of attention (Corbetta & Shulman, 2002) (Greene & Soto, 2014). 

The IFG has been linked to the ventral frontoparietal attention network (Corbetta & Shulman, 2002). 

However, novel research, considers that the rIFG plays the role of an interface between both dorsal and 

ventral systems with activity resembling elements of both networks.  As a result, the rIFG has a broader 

role in attentional control, where it promotes the integration of bottom-up and with top-down attention. In 

other words, rIFG helps in the resolution of competition between goal-directed and stimulus-driven 

attention networks (Dodds, Morein-Zamir, & Robbins, 2011) (Vossel et al., 2013)(Greene & Soto, 2014) 
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Figure 11 – Summary of the functions of different cortical areas in the frontal lobe 
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4. ELECTROENCEPHALOGRAM	
 

Electroencephalogram (EEG) is the electrical activity recorded from the scalp surface, subdurally or in the 

cerebral cortex. When brain cells are activated, high local current flows are produced, as a result of the 

sum of currents that flow during synaptic excitations of neurons’ dendrites in the cerebral cortex (Teplan, 

2002). 

The EEG signal arises from synchronized synaptic activity in populations of cortical neurons (pyramidal 

cells organized along cortical columns). Differences of electrical potentials are caused by summed 

postsynaptic potentials from pyramidal cells, creating electrical dipoles between soma (body of neuron) 

and dendrites (neural branches). Brain activity result from electrochemical processes, consisting mostly of 

Na+, K+, Ca++, and Cl- ions that are pumped through channels in neuron membranes in the direction 

governed by the membrane potential. EEG’s electrodes detect all electrical charges from the proximity, 

generating a recordable electrical activity. Then, the detected signal is massively amplified, and then 

displayed on paper or stored to computer memory. This describes the observation model (Teplan, 

2002)(Jackson & Bolger, 2014). 

Electroencephalography is a completely non-invasive procedure that can be applied repeatedly to 

patients, normal adults, and children with virtually no risk or limitation, making it very popular in 

neuroscience research. EEG has been found to be a very insightful tool in both neurology and clinical 

neurophysiology because of its ability to reflect both the normal and abnormal electrical activity of the 

brain, providing important neurophysiological biomarkers for monitoring and diagnosis. 

 
Figure 12 – International 10-20 system electrode placement for EEG acquisition (Teplan, 2002) 

 

There are some standardized international electrode placements but one common one is the International 

10–20 system, Figure 12. This system ensures a system of placement that is reliable and reproducible so 

that results from different studies can be compared and discussed. However, higher spatial resolution can 

be achieved with other standardized electrode placement, such as the 64/128/256 electrode placement 

system. EEG is known for its high temporal resolution, being able to detect changes in electrical activity in 

the brain on a millisecond-level. 
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However, it still presents several disadvantages (Bell & Cuevas, 2012): 

• Despite the high number of electrodes, EEG has lower spatial resolution on the scalp than other 

neuronal imaging techniques like fMRI. However, the popularity of using a dual modality of EEG-

fMRI is on the rise, combining the strong temporal resolution of EGG and spatial resolution of 

fMRI (Huster, Debener, Eichele, & Herrmann, 2012); 

• Although EEG excels at measuring cortex neural activity, it is poor measuring lower brain layers. 

• Preparation for EEG acquisition can be time-consuming because of the necessary precision of 

EEG’s electrode placement and conductive media. Other exams such as 

Magnetoencephalography (MEG) and fMRI take significant less time in terms of preparation. 

• The signal-to-noise ratio is poor, which is leads to the necessity of several artefact rejection 

methods as well as advanced methods to extract meaningful information from the diverse EEG 

channels.  

 

The characteristics of the oscillatory neural activity are non-stationary, varying in time. The spectral 

composition of these fluctuations can be determined by transforming the recorded electrophysiological 

data into the frequency domain, using signal-processing techniques such as the Fourier, Wavelet or 

Hilbert transform. This approach estimates the contribution of individual frequencies. In EEG research, it is 

common that different frequencies are grouped into different bands as they possess distinct functional 

neuronal associations (Teplan, 2002). The standard and most used EEG bands are presented in Table 1. 

  
Table 1 – Standard EEG bands and their frequency range in Hz 

EEG band Frequency range (Hz) 

Delta (δ) 1–4 

Theta (ϴ) 4–8 

Alpha (α) 8–14 

Beta (β) 14–30 

Gamma (ɣ) >30 

 

As alpha, beta and gamma band have a wider frequency band, it is common to divide them in upper and 

lower bands: lower and upper alpha (8-12 and 12-14 Hz); lower and upper beta (14-20Hz and 20-30 Hz) 

and lower and upper gamma (30-45 and 45-100 Hz). There is no precise agreement on the frequency 

ranges for each type and some authors defend that an individual band identification is preferable, using 

alpha band as a reference (Klimesch, 1999).  The relationship between the bands described in Table 1 

and mechanisms of attention will be described according to the most consistent neurophysiological 

findings in the last years.  
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4.1. DELTA	BAND	

Delta oscillations appear in the frequency range from 1 to 4 Hz. It is the frequency band with highest 

amplitude and of lower frequency and as a result, they are generally known as slow waves. They are 

particularly present in human’s deep sleep, known as slow wave sleep.  

Delta oscillations are probably the least studied frequency band in mental tasks, especially involving 

attentional processes. In fact, few findings were found in the literature, as most focus in the last years 

have been made in higher frequency bands. It is suggested delta band synchronization in the frontal 

cortex during high attention demand tasks modulates other cortical areas distant from the frontal lobe. 

Others suggest that delta synchronization is tightly linked to motivation, improving cognitive performance 

(Harmony, 2013)(Knyazev, 2012). However, few studies were found linking Delta band and attentional 

processes and no other study corroborates the two findings stated above. 

4.2. THETA	BAND	
 

Theta oscillations occur in the frequency range from 4 Hz to 7 Hz. Both theta power and phase have been 

reported in the literature as insightful metrics to characterize attention. Frontomedial Theta (Fm-Theta) is 

one of most studied oscillations and has shown a robust correlation with prolonged, improved cognitive 

performance and task engagement and increased performance in discriminating auditory stimuli and 

visual targets (Mazaheri & Picton, 2005). 

However, the same metric increases significantly with higher error rates and reaction times (Wascher et 

al., 2014), which may suggest mental fm-theta is a potential indicator of deteriorated attention and mental 

fatigue (Borghini et al., 2014).  

Despite the role of fm-theta being still controversial, it has been suggested that theta oscillations of the 

PFC may be crucial in the response to conflict behaviours (intended versus current behaviour). Indeed, a 

novel approach to the functionality of fm-theta believes these oscillations derive from human response to 

conflict in a competition between different types of actions where a mistake can be made. In this new 

hypothesis, cognitive control plays a major role (Cohen, 2014). Cognitive control refers to the ability to not 

only monitor one’s actions and behaviour and the external environment for mistakes and conflicts, but also 

to quickly adjust behaviour towards the intended goal. Situations of response to conflict excel at of 

competing stimuli. Consequently, cognitive control in the response to conflict gives some plausibility that 

in short time length tasks, task engagement is linked to an increase in attention levels, while in prolonged 

time duration tasks, higher conflict response from states of mental fatigue and sleepiness imply 

decrements of attention. However, when cognitive resources are depleted, these response to conflict is 

unable to provide cognitive control in order to enhance task relevant processes and consequently, 

performance does not improve despite the increase in fm-theta (Mazaheri & Picton, 2005). 
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4.3. ALPHA	BAND	

Alpha activity occurs in the frequency range from 7 Hz to 14 Hz. Higher amount of alpha is present in the 

occipital lobe (visual lobe) after eye closing, attenuating with eye opening. Alpha band is one the most 

studied bands in attentional processes. It has been reported lower amount of alpha activity in higher 

attention demand tasks, while higher alpha activity is associated with signs of fatigue and sleepiness 

(Borghini et al., 2014)(Voytek et al., 2010). 

As mentioned in chapter 2, one of the most essential components in attention is the availability of cortical 

resources for task-relevant processes. The inhibition of non-relevant stimulus is crucial to not compromise 

task performance and to facilitate these task relevant processes. Neurophysiological systems achieve this 

inhibition of irrelevant task processes through alpha synchronization in cortical areas not relevant for the 

role in hand. Alpha synchronization has been consistently correlated with inhibition of task-irrelevant 

sensory areas (Mazaheri & Picton, 2005) (Doesburg, Roggeveen, Kitajo, & Ward, 2008)(Clayton et al., 

2015)(Clayton et al., 2015)(Lopes da Silva, 2013).  For example, if auditory or somatosensory attention is 

required, these areas express alpha desynchronization, while the visual cortical area express higher alpha 

activity. Similarly, if visual attention is demanded, alpha desynchronization is expressed in cortical areas 

that demand visual processing, while auditory and somatosensory areas show alpha synchronization. 

Similar results have been achieved in information processing in different areas of the visual cortex. As an 

example, shifting attention to one side of visual space is strongly bounded to an increase alpha power in 

areas of visual cortex dedicated to the opposite side. As with gamma oscillations, these inhibitory alpha 

modulations appear to be driven and modulated by the activity of frontal control regions of PFC (Marshall 

et al., 2015). Studies using EEG and fMRI have shown that occipital alpha power and its lateralization is 

positively correlated with the activity exhibited in frontal cortical regions: pMFC and LPFC (Liu et al., 

2014). 

When alpha activity is present in task-irrelevant cortical areas, the synchronization promotes attention by 

suppressing distracting information. On contrast, its presence in task-relevant cortical areas, can 

jeopardize attention and task performance. 

In a recent review, it is stated that alpha phase also plays an important role in modulating information 

processing, where the phase of the alpha rhythm can reliably predict the detection of upcoming visual 

stimuli. Furthermore, it stresses that higher alpha activity power promotes the inhibition of cortical 

excitability (Lopes da Silva, 2013). 

Other alpha related metrics have been suggested. High coupling between posterior gamma amplitude and 

anterior alpha phase is associated with an improvement in error detection, task accuracy and lower 

mental fatigue. It is suggested that alpha band is associated to long range communications between 

frontal and parietal areas, just like theta oscillations (Voytek et al., 2010) (Cohen & Van Gaal, 2013). 
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4.4. BETA	BAND	

Beta oscillations occur in the frequency range between 14 and 30 Hz. Beta band is tightly linked to motor 

activity. Voluntary movements are associated with lower beta activity and the ending of a movement leads 

to a restoration of Beta activity (Davis, Tomlinson, & Morgan, 2012). Little literature was found about the 

involvement of beta band in attentional processes. Studies have shown that beta activity is positively 

correlated with attentional modulation in the visual system of cats and humans. Furthermore, aging 

indicates lower beta activity simultaneously with worse visual task performance (Gola, Magnuski, 

Szumska, & Wróbel, 2013). Decreased beta oscillations were found in ADHD patients (Barry et al., 2010). 

Patients suffering from Parkinson are associated with higher levels of Beta activity (Davis et al., 2012). 

4.5. GAMMA	BAND	
 

Gamma oscillations occur in the frequency range approximately 30–100 Hz, making it the widest EEG 

frequency band. In research, it is common to divide it in lower and upper gamma to increase band 

resolution. Gamma rhythms are suggested to represent the rhythmic synchronization of different 

populations of neurons together with the goal of carrying out cognitive functions, such as working memory 

and attention. According to the neurocognitive theory outlined in chapter 2, attention depends on 

continuous activation of task-relevant activity and inhibition of task-irrelevant processes. Indeed, it is 

believed the gamma oscillations are closely linked to the activation of task relevant cortical areas. As a 

result, and despite the controversy of some EEG metrics, gamma band has shown the most consensus 

regarding its relationship with attention (Doesburg et al., 2008)(Clayton et al., 2015)(Fell, Fernández, 

Klaver, Elger, & Fries, 2003)(Kahlbrock et al., 2012). 

Nowadays, there is a wide range of studies, including animals and humans, which indicate that gamma 

neuronal synchronization have an intimate relationship not only with sensory inputs, but also internal 

processes such attention and working memory, enhancing the activity of areas of the frontoparietal 

networks, such as the PFC (Marshall et al., 2015)(Müller, Gruber, & Keil, 2000)(Herrmann, Munk, & 

Engel, 2004). Evidence about gamma activity in cognitive processing has been reported since the 1980s, 

where gamma synchronization during visuospatial tasks has been reported in the visual cortex of cats and 

monkeys. The same was reported in human scalp EEG recordings, leading to faster response times and 

accuracy in visual tasks. Literature also points higher gamma activity promotes visual attention processes, 

for example: orientation discrimination and shape-tracking (Taylor-Phillips et al., 2015)(Marshall et al., 

2015)(Gregoriou, Rossi, Ungerleider, & Desimone, 2014)  Moreover, findings show the lateral pre frontal 

cortex (LPFC) has an intimate connection with gamma activity in the visual cortex. The removal of the 

LPFC in monkeys impairs gamma activity when visual attention is demanded (Gregoriou et al., 2014).  

Similarly, gamma power in auditory areas is increased during extended auditory attention tasks. 

Furthermore, it is suggested that if multiple visual features are competing for attention allocation, the 
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attended one gets a competitive advantage over the rest by gamma band synchronization (Fries et al., 

2001, 2008)(Clayton et al., 2015) 

As already mentioned, several cortical areas are closely linked to top-down and bottom-up attention. 

However, communication between different areas cannot be made through only local information 

processing. In last few years, a lot of effort has been made to find metrics that allow the modulation long 

range neural connectivity. One of most interesting is the how posterior gamma synchronization is strongly 

modulated by the phase of low-frequency oscillations, especially Theta and Alpha oscillations. This low-

frequency, power–phase coupling is known to facilitate long-range neural communication and may reflect 

the application of cognitive control across frontoparietal attention networks. (Voytek et al., 2010) Currently, 

this metric is being researched in the field of neurophysiological disorders such as ADHD and age related 

diseases. (Voytek et al., 2010)(Kim et al., 2015) 

Several metrics have been proposed across this decade in order to obtain neurophysiological markers to 

better understand mechanisms related to attention. Understanding cortical oscillations is thus relevant for 

clinical applications, facilitating the development of attention-monitoring EEG systems and new 

neurophysiological models of cognitive control and cognitive maintenance. However, due to the 

complexity of the field of attention, it is still not completely clear the role of some metrics. For example 

example, fm-theta synchronization has been correlated to both deterioration and improvements of task 

performance. Despite the importance of distributed brain networks in attention, the contribution of long-

range interactions between cortical oscillations is also not completely understood. In particular, recent 

findings on the roles of phase synchronization (between frontal theta or alpha and occipital/parietal 

gamma) in long range neural communication and cross-frequency coupling (between lateral and medial 

frontal cortex theta) in local neural communication have had still little impact on models of attention. 

A summary of the major EEG contributions and is presented in Table 2.  

 
Table 2 – Summary of the most relevant EEG metrics in attentional processes 

EEG Metrics Functional role 

Frontomedial Theta power 

 

Mechanism of attention monitoring and control 

through synchronization (not consensual) 

Gamma power-lower bands phase coupling 
(Lower bands – Delta, Theta and Alpha) 

Long range communications through higher 

coupling (few studies) 

 

Gamma power 

Stimulation of task relevant processes in relevant 

cortical areas through synchronization 

 
 

Alpha power 

Task inhibition of irrelevant processes through 

synchronization in non-relevant cortical areas. 

Task disinhibition of relevant processes through 

desynchronization in relevant cortical areas 
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In the following section, it will be described the fundamental basis of PVT, the proposed CRT methodology 

and its differences to PVT, as well as the developed TETRIS task used in the experiments. 
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5. PVT	VERSUS	CRT	
 

5.1. PSYCHOMOTOR	VIGILANCE	TEST	(PVT)	
 
The psychomotor vigilance test (PVT) is probably the most well-known and used vigilance/tonic alertness 

and sustained attention tests. PVT is a computerized simple reaction time task that measures vigilance by 

recording reaction times (RT) to visual (or auditory) stimuli that occur at random inter-stimulus intervals 

(ISI), which may vary between two to ten seconds. 10-minute time duration is standardized for PVT. If the 

subject clicks the screen before the stimulus’s appearance, it is counted as a false start, which the subject 

is instructed to avoid. Several metrics can be extracted from a simple PVT trial. (Gorgoni et al., 

2014)(Basner & Dinges, 2011) 

One of the most important PVT metrics besides the mean value of the responses is the number of lapses, 

which correspond to the number of responses above 500ms or the number of responses superior to twice 

the mean of response times. However, more valuable information is generally extracted: median RT, the 

variability in RTs, and the slope of reciprocal RTs across the run (which is a measure of the time-on-task 

effect). One advantage of the PVT test is its high signal-load, as it not only allows the extraction of 

substantial amount of information in considerably little amount of time, but also its short duration does not 

allow the results to be significantly affected by motivation (Thomann et al., 2014). 

One reason of PVT’s popularity is its high sensibility to sleep deprivation. The standardized test has 

proven to be sensitive to sleep disturbances such as acute total sleep deprivation and chronic partial 

sleep deprivation. Sleep deprivation induces significant changes in PVT metrics: slower response times, 

higher number of attention lapses and higher number of false starts. Lastly, the simplicity of PVT allows 

little influence of learning effects, making it suitable for regular repeated administration over the course of 

hours or days (Thomann et al., 2014)(Basner & Dinges, 2011). 

5.2. CONTINUOUS	REACTION	TIMES	(CRT)	
 
As described in chapter 1, one of the thesis objectives is to propose a proposal of a minimum intrusive 

approach of quantification of readout of vigilance through sparse and non-uniform time distributed reaction 

responses. This methodology would allow tracing a continuous curve of an individual’s tonic alertness. 

The PVT suffers some disadvantages: 

1. It is performed in a short time window and, consequently it offers a weak time resolution and can 

only be used for continuous monitoring if performed several times, which is not practical in many 

situations such as in high-risk jobs; 
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2. It requires full commitment of the user for the test to be valid. Therefore, the user has to stop his 

main task in order to perform the test. In many tasks this is not doable. For example, when pilots 

perform take-offs and landing, they cannot stop their main function jeopardizing their performance.  

3. PVT does not explore time dynamics of its reaction times. As mentioned, nowadays the mean 

response times and number of lapses are the most sensible to fatigue. However, no time 

resolution is adopted to investigate if time-varying properties of the PVT’s can give insights of the 

subject’s vigilance impairments. 

 

The proposed methodology has the objective of estimating readouts of sustained attention using sparse 

non-uniform sampling times at which the individual has to respond to a stimulus with minimum 

distractibility from the main task. The main advantages of the CRTs are: 

1. Improve PVT’s time resolution using continuous response times distributed through the task’s 

duration; 

2. As the methodology uses sparse measurements, it allows minimum distractibility of the task in 

hand, allowing the user to focus in the main task. The minimum distractibility and low frequency of 

the stimulus relative to the main task are essential characteristics for the CRT to measure the 

equivalent to PVT: tonic alertness. If these conditions are not met, the CRT enters other fields of 

attention that are more related to cognitive processing such as focused and selective attention; 

3. The possibility of building a real-time feedback system according to the time dynamics of the 

user’s vigilance levels; 

4. It is not dependent of stimulus expectancy as they occur in a random/non-uniform way. 

5. By rarely performing PVT during the task’s duration, the variance of estimated vigilance is low at 

the time of the test, however nothing is known in other time periods. By applying occasionally the 

CRT, the variance of estimated attention, at the time it is applied, is higher than the variance of 

the estimated attention at the time the PVT was performed. Despite, the higher local variance of 

CRT, the global variance of the estimation is lower because information is known across all task 

duration. 
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6. MATHEMATICAL	BACKGROUND	
In this section the most important mathematical background of the present work will be described:  

1. Kalman filtering for the mathematical formulation of the estimation of attentional processes using 

noisy the CRT; 

2.  Autoregressive modelling and control theory for time and time-frequency analysis.  

6.1. KALMAN	FILTER	
 

The Kalman filter (KF) is a powerful signal processing tools to analyse and model the time-dynamics of 

anon-stationary signal. Its power comes a lot from both its robustness and simplicity of its equations, 

making it a valuable signal processing tool. The Kalman filter has a wide range of numerous applications, 

such as: area of autonomous or assisted navigation, robotics and biomedical applications (González & 

RodrÄ±guez, 2009)(Welch & Bishop, 2006). As an example, Kalman filtering is used in EEG processing in 

event related desynchronization and synchronizations (Oikonomou, Tzallas, Konitsiotis, Tsalikakis, & 

Fotiadis, 2009). The KF uses a series of measurements observed over time, which contain noise and 

other uncertainties, and tries to estimate the desired state variables in order to improve the precision of 

the state by only using the those measurements. As it was one of the important algorithms of the present 

thesis, Kalman filter will be more deeply explained. First, a non-mathematical intuition of the algorithm is 

given, then its mathematical formulation. 

6.1.1. Kalman	Intuition	

The Kalman filter has two crucial steps: prediction and update step. First, the prediction step estimates the 

future outcome of the state variables, taking in consideration their uncertainties without knowing the 

measurement values. Then, in the update step, the next noisy measurement is known and a new 

estimation of the state variables is made. This process is repeated every time step, where the new 

estimate of the update step is used in the prediction step of the following iteration. Consequently, this 

leads to two key features of the algorithm: it works recursively and requires only the previous estimation 

and not the entire history of the system's state in order to iterate a new estimation. In a real time 

application, the present state space can be computed by knowing their previous state estimates, the 

present noisy measurements and both state and measurement noise. 

Extensions of the Linear KF exist in order to give answer to more complex and nonlinear dynamic 

systems. Two of the most used non-linear versions of the Kalman filter are the extended Kalman filter and 

the Unscented Kalman filter, which use non-linear mapping of the state space and measurement space. 
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The Kalman filter has strong similarities with the Hidden Markov model (HMM) formulation, both which are 

based in a Bayesian framework and only depend on the previous state space. In HMMs, the state space 

is discrete where its measurements can be discrete or continuous depending of the initial problem 

formulation. On the other hand, in the KF the state space is continuous.  

One of the most used dynamic modelling formulations is to consider the state space as physical particle 

that follows the physical laws and therefore, behaves as a trajectory particle with a position, velocity and 

possibly acceleration (two or three states). As a result of the trajectory assumption, the state covariance 

has a robust mathematical formulation. In this trajectory configuration, the state space can be a constant 

velocity (CV) or constant acceleration (CA). CV modulation is simpler, more generalist and has less 

parameters to be estimated. On the other hand, despite the CA modulation being more complex and more 

parameters to be estimated, it allows more handle more complex tracking problems with bigger short-term 

fluctuations. The KF’s parameters, such as initial state space, uncertainty matrixes and measurement 

space matrix are commonly optimized using expected maximization or least mean square strategy if a 

model function (ground truth) is known. 

6.1.2. Kalman	Mathematical	formulation	

In this section, only the main equations of the KF will be presented. If a more robust derivation is intended, 

the following literature should be consulted: (Oikonomou et al., 2009)(Welch & Bishop, 2006). The Kalman 

filter tackles the problem of estimating the state space x of a discrete-time controlled process, n different 

states and m types of measurements, which is governed by linear stochastic difference equations.  (Welch 

& Bishop, 2006). 

The KF model assumes the true state (x) at time k is evolved from the state at (k − 1) according to: 

 𝒙! = 𝑭!𝒙!!! +𝒘! (1) 

Fk is the state-transition model, equation 1, modelled by a state transition matrix, n x n matrix, applied to 

the previous state space, xk-1. The process noise, wk, is modelled by a probability distribution with normal 

distribution of mean zero and covariance matrix of Qk, equation 4 

 𝒘! =  ~ 𝑁 0,𝑸!  (2) 

From the stochastic difference equations, the KF model assumes that the measurements zk at time k 

results from the true state xk according to equation 3. 

 
𝒛! =  𝐻! 𝒙! + 𝒗!   

(3) 

Hk represents the observation model, modelled by the measurement emission matrix, m x n matrix, which 

transforms the state space at time k, xk to the observation space zk. The observation noise, vk, is modelled 
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by a normal probability distribution with zero mean Gaussian white noise with covariance Rk, as shown in 

equation 4. 

 𝒗! ~ 𝑁 0,𝑹!  (4) 

 

The random variables vk and wk represent the process and measurement noise (respectively). In linear 

Kalman estimator some assumptions are made. First, both random variables are white noise and are 

independent (of each other). Moreover, the initial state x1 is also uncorrelated with both the state and 

measurement noise processes. For last, the initial system state has a known mean and covariance matrix: 

 
𝑥!|! = 𝐸 𝑥!   

(5) 

 

 𝑃!|! = 𝐸 𝑥!|! −  𝑥! 𝑥!|! −  𝑥!
!  (6) 

The KF estimates the state process by using a recursive feedback control. First, the filter estimates the 

state space variables without knowing the actual measurements. Then, obtains feedback of this previous 

estimation in the form of (noisy) measurements. The state update equations are responsible for projecting 

forward (in time) not only the current state, but also the error’s covariance estimation in order to obtain the 

a priori estimation. The measurement update equations are responsible for the feedback, by incorporating 

a new measurement into the a priori estimate to obtain an improved a posteriori estimate. (Welch & 

Bishop, 2006)(Oikonomou et al., 2009). This mechanism can be thought as a predictor-corrector cycle as 

shown: 

 In Figure 13 

 
Figure 13 – Discrete Kalman Filter cycle 

 

Table 3 – Prediction equations of Kalman estimation 

 Prediction Equations  
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Predicted (a priori) state estimate 𝑥!! = 𝐹!𝑥!!! 

 
(7) 

Predicted (a priori) estimate 

covariance 

𝑃!! = 𝐹!𝑃!!!𝐹!! + 𝑄! (8) 

 

Table 4 - Update equations of Kalman estimation 

Update Equations 

Optimal Kalman gain 𝐾! = 𝑃!!𝐻!!(𝐻𝑃!!𝐻!! + 𝑅!) 
!! (9) 

Updated (a posteriori) state 

estimate 

𝑥! = 𝑥!! + 𝐾!(𝑧! − 𝐻𝑥!!) (10) 

Updated (a posteriori) 
estimate covariance 

𝑃! =  𝐼 − 𝐾!𝐻 𝑃!! 
(11) 

 

The first task during the measurement update is to compute the Kalman gain, Kk, equation 9, using the 

estimated covariance matrix of the prediction step, equation 8.  Then, the next step is to use the noisy 

measurements to generate an a posteriori state estimate by incorporating the measurement as in 

equation 10. The final step is to obtain an a posteriori error covariance estimate via equation 11. After 

each time and measurement update pair, the process is repeated with the previous a posteriori estimates 

used to project or predict the new a priori estimates. The total process is represented in Figure 14, 

including all the equations of the prediction and update steps.(Welch & Bishop, 2006) 
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Figure 14 – A complete schematic of the functioning of the KF using the equations of  Table 3and Table 4 (Welch & 

Bishop, 2006) 

6.2. 	EEG	FEATURE	EXTRACTION	
  

6.2.1. 	Time	frequency	and	Short	Time	Fourier	Transform	
	

Several options of time-frequency feature extraction methods are available in signal processing, such as 

Short Time Fourier Transform (STFT), Wavelet transform, Autoregressive modelling, Hilbert transform etc. 

The STFT is a signal processing method used to extract relevant information from non-stationary signals, 

whose statistic characteristics vary with time, and it is widely used in biomedical applications. The method 

uses the Fourier transform to determine the sinusoidal frequency and phase content of local regions of a 

signal (small windows) while they change over time. In other words, in the STFT, the total signal is cut into 

shorter segments and then, the Fourier transform is computed separately on each shorter segment. This 

reveals the Fourier spectrum on each shorter segment. These segments can be overlapped or not for 

better time resolution or not. The Fourier coefficients of the frequency spectrum, which are imaginary 

numbers, provide valuable information, regarding spectral magnitude and phase of each frequency (Oh, 

Lee, & Kim, 2014) 

When dealing with discretized data, the discrete Fourier transform (DFT) of a sequence, is used. 

Considering x[n] a non-stationary signal of size N (our case EEG signal), the discrete Fourier transform 

can be applied to x[n], equation 12. 

 

 𝑋 𝑤 = 𝑥!𝑒
!!!!"!!

!!!

!!!

 (12) 
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As the result of each element of the DFT being imaginary,  its power spectral density and phase can be 

computed via formula 13 and 14 respectively. 

 

 𝑃𝑆𝐷 𝑤 =
𝑖𝑚𝑔 𝑋 𝑤 + 𝑟𝑒𝑎𝑙(𝑋(𝑤))

!

𝑁!  (13) 

 

 𝐴𝑛𝑔𝑙𝑒 𝑤 = 𝑡𝑎𝑛!!
𝑖𝑚𝑔(𝑋(𝑤))
𝑟𝑒𝑎𝑙(𝑋(𝑤))

 (14) 

 

6.3.2. Hjorth	parameters		
 

The Hjorth Parameters are indicators of statistical properties in the time domain: Activity, Mobility and 

Complexity. They are commonly used in the analysis of electroencephalography signals such as sleep 

stage classification for feature extraction and data mining (Oh et al., 2014) and brain computer interfaces  

. Considering a sequence y = [y1, y2 , … ,  yn] of size N, its Hjorth parameters can be calculated as the 

following: 

 
𝐴𝑐𝑡𝑖𝑣𝑖𝑡𝑦 =  𝑣𝑎𝑟 (𝑦(𝑛)) 

(15) 

 

 𝑀𝑜𝑏𝑖𝑙𝑖𝑡𝑦 =  
𝐴𝑐𝑡𝑖𝑣𝑖𝑡𝑦 𝑦! 𝑛
𝐴𝑐𝑡𝑖𝑣𝑖𝑡𝑦 𝑦 𝑛

  (16) 

 

 𝐶𝑜𝑚𝑝𝑙𝑒𝑥𝑖𝑡𝑦 =  
𝑀𝑜𝑏𝑖𝑙𝑖𝑡𝑦 𝑦! 𝑛
𝑀𝑜𝑏𝑖𝑙𝑖𝑡𝑦 𝑦 𝑛

  

 

(17) 

Activity, the variance of the time function as shown in equation 15, can indicate the surface of power 

spectrum in frequency domain. Mobility parameter is defined as the square root of the ratio of the variance 

of the first derivative of the signal and that of the signal, equation 16. This parameter is proportional to the 

standard deviation of power spectrum. Complexity parameter indicates how the shape of a signal is 

similar to a pure sine wave and can be computed by equation 17. The value of Complexity converges to 1 

as the shape of signal gets more similar to a pure sine wave (Oh et al., 2014). 

6.3.3. Fractal	dimensions	
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A fractal dimension is provides a measure of complexity comparing how detail in a pattern changes with 

the scale at which it is measured. It has also been characterized as a measure of the space-filling capacity 

of a pattern that tells how a fractal scales differently from the space it is embedded in. Two of the explored 

fractals in the thesis were Katz and Higuchi. Both mathematical formulations can be accessed at 

(Allahverdy et al., 2011)(Phothisonothai & Watanabe, 2013). One possible EEG application of fractal 

dimensions is Brain Computer Interface (Phothisonothai & Watanabe, 2013).  

6.4. AUTO-REGRESSIVE	MODELS	
 

In signal processing, an autoregressive model (AR-model) is a time-varying process, where the output 

variable depends linearly on the previous values of the variable plus an error process (stochastic term). 

Commonly, AR-model is an IIR filter (impulse response filter), known as all pole filter. AR modelling of a 

time series is based on an assumption that the most recent data points contain more information than the 

other data points. Moreover, it assumes the current value of the series can be estimated by a linear 

weighted combination of previous terms in the series. The weights are the autoregression coefficients.  

(Palaniappan, Raveendran, Nishida, & Saiwaki, 2000) An AR-model can be described as in equation 18  

 𝑥 𝑡 = 𝑐 +  𝑎!𝑥 𝑡 − 𝑖
!

!!!

+ 𝑒 𝑡  (18) 

In this mathematical formulation, the ai are the autoregression coefficients, xn is the time-varying signal, 

and N is the order (length) of the filter which is generally very much less than the length of the time series. 

The stochastic term, known as noise or residue, e(t), is almost always assumed to be Gaussian white 

noise. These coefficients can be determined through least square optimization or Yule–Walker equations 

in order to provide the optimal ones to model xn. In each auto regressive problem, the optimal degree N, is 

uncertain.  Therefore, it is common to compute the root mean squared error for an increasing N to 

determine a high order that allows a low RMS estimate, but lower enough so that the system does not 

suffer from overfitting (Takalo, Hytti, & Ihalainen, 2005). If the time series is Z-normalized, it has zero 

mean and unitary standard deviation and the bias constant c can be dropped and less a term needs to be 

estimated, equation 19.   

 𝑥 𝑛 =  𝑎!𝑥 𝑛 − 𝑖
!

!!!

+ 𝑒 𝑛  (19) 

If the number of coefficients ai is N, the number of equations (M) in order not to have an undetermined 

problem, is at least equal to the number of coefficients (N). In matrix form, equation 20, the problem can 

be formulated as: 
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𝑥 = 𝑿𝑎 + 𝑒 =  

𝑥 𝑀 𝑥 𝑀 − 1 ⋯ 𝑥 1
𝑥 𝑀 + 1 𝑥 𝑀 ⋯ 𝑥 1

⋮ ⋮ ⋯ ⋮
𝑥 𝑁 − 2 𝑥 𝑁 − 2 ⋯ 𝑥 𝑁 −𝑀

𝑎!
𝑎!
⋮
𝑎!

+

𝑒 𝑀 + 1
𝑒 𝑀 + 2

⋮
𝑒 𝑁

 
(20) 

 

In equation 20, X is a square matrix with M rows and M columns, and the coefficient vector, a, and error 

vector, ε, are column matrices consisting of M rows and 1 column. If the goal is to perform a spectral 

analysis, AR-modelling in the z-domain is essential. While dealing with discrete systems, the equivalent 

autoregressive modelling in z-domain can be described as in equation 21. 

 𝑋 𝑧 = 𝑎!𝑋 𝑧 𝑧!!
!

!!!

+𝑊 𝑧    

𝑋 𝑧 = 𝑎!𝑧!! + 𝑎!𝑧!! + … + 𝑎!𝑧!! 𝑋 𝑧 +𝑊 𝑧  

 

 

(21) 

Using mathematical manipulation of equation 21, the filter response can be obtained: 

 𝐻 𝑧 =
𝑋 𝑧
𝑊 𝑧

=
1

1 − 𝑎!𝑧!!!
!!!

 (22) 

 

One common representation in order to gain intuition about the amplitude and frequency response of the 

filter is by plotting it on a complex plane, where in a coordinate plane the horizontal axis corresponds to 

real numbers, while the vertical axis corresponds to imaginary numbers, Figure 15. In this representation 

and as the signal is discrete, frequencies are wrapped around a circle, called the unit circle. At an angle 0, 

it is represented the 0 Hz frequency, while at ±π Hz we have the highest frequency 1/(2Ts), where Ts is 

sampling period). Positive frequencies are wrapped counterclockwise and negative frequencies clockwise 

around the circle. The filter response can be presented on the unit circle by displaying its zeros and poles. 

The zeros are the values of z that make the numerator od H[z] be zero, while the poles are the values that 

make the denominator of H[z] be zero.(Takalo et al., 2005) 

 

Figure 15 - Geometric representation of magnitude and phase response from the pole-zero diagram in the imaginary 
plane: O zero; × pole; • moving frequency point (z); θz are θp are the zero and pole angles. At a particular frequency, 
z, the zero vector is drawn from the zero to the frequency point and the pole vector from the pole to the same point. 
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The gain of the filter equals the length of the zero vector divided by the length of the pole vector, and the phase 
response equals θz minus θp. 

The zeros of the filter response, equation 20, can be anywhere, while the poles of a stable filter always lie 

inside the unit circle. An unstable filter has poles outside the unit circle. For real signals, both zeros and 

poles are either real or in complex conjugate pairs. There are two important characteristics of the filter 

response, that includes the information of all poles and zeros: Magnitude and Phase response. The 

magnitude response, |H(z)|, is equal to the ratio of all zero vector lengths (product of the all lengths 

between the black dot and white dots in Figure 15) and the product of all pole vector lengths (product of 

the all lengths between the black dot and crosses in Figure 15). The phase response equals to the sum of 

all zero vector phases minus the sum of all pole vector phases (Takalo et al., 2005). Besides this analysis, 

each pole and zero of the transfer function can be analysed separately using their own characteristics: 

damping ratio, natural frequency and time constant. These can be computed with equations (23), (24) and 

(25): 

 𝜔! =
ln (𝑧)
𝑇!

 (23) 

 

 
𝜁 =  −cos (∠ln (z)) 

(24) 

 

 𝜏 =
1
𝜔!𝜀

 (25) 

 

In these metrics, z corresponds to the position of the zero or pole in imaginary plane and Ts represents 

the sampling period. The AR filter has an all-pole structure, as tries to describe the non-stationary signal 

as well as possible, using only its poles. The estimates for the different frequency components of a time 

series can be calculated from the poles of H(z) described above. As the frequency point moves around 

the unit circle, the magnitude of H(z) peaks whenever the frequency point on the circle passes close to a 

pole. The nearer to the unit circle a pole is located, the higher and sharper is the peak it creates.  

Only the main mathematical formulations of autoregressive modelling were addressed in this section, 

equation 18 to 25. For more detailed background, which most of the section was based on, the following 

literature is suggested: (Palaniappan et al., 2000)(Takalo et al., 2005) 
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7.	MATHEMATICAL	FORMULATION	FOR	READOUTS	OF	ATTENTIONAL	
PROCESSES	

 

One of the main goals of the thesis is to formulate an estimation strategy for readouts of attentional 

processes using only the CRT as input. The chosen formulation is a constant acceleration linear Kalman 

estimator, where the readouts are modelled as a physical particle that follows motion equations, Is this 

formulation, the state space is constituted by the particle’s position, velocity and acceleration as described 

in equations 34, 35 and 36. In other words, in this state space, the readouts of attention correspond to the 

particle’s position, while the readout’s first and second derivative correspond to the particle’s velocity and 

acceleration. Velocity, 𝑥, is obtained by deriving the metric’s value, 𝑥, in time. Likewise, Acceleration, 𝑥, is 

obtained by deriving velocity, 𝑥, in time. Therefore, attention state-space model of the system can be 

expressed as in equation 26. 

 𝒙 =   
𝑥 
𝑥
𝑥

 (26) 

 

In an ideal system is that the attention’s acceleration remains constant. In other words: 

 
𝜕𝑥 𝑡
𝜕𝑡

= 0 (27) 

 

However, in real world applications this assumption is not true. Therefore, acceleration is defined as: 

 
𝜕𝑥 𝑡
𝜕𝑡

= 𝑤 𝑡  (28) 

 

The continuous state-space system equation is: 

 
𝜕𝒙
𝜕𝑡

= 𝑨 𝒙 𝑡 + 𝑩 𝑤 𝑡  (29) 

 

Where: 

 𝑨 =  
0 1 0
0 0 1
0 0 0

     and   𝑩 =  
0
0
1

 (30) 

 

As the intent to work in discrete space and not in continuous space. The discrete equivalent to equation 

29 for a time sample of Δt is given by equation 31. Δt represents the time interval between stimuli. 
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𝒙𝒌!𝟏 = 𝑭𝒌𝒙𝒌 +𝒘𝒌 (31) 

Consequently, the discrete state space matrix (transition matrix) and the process noise covariance matrix 

Qk take the following form: 

 
𝑭! = 𝑒𝑨∆! =  

1 ∆𝑡
∆𝑡
2

!

0 1 ∆𝑡
0 0 1

 

 

(32) 

 

𝑸! = 𝐸 𝒘!𝒘!
! = 𝑞 

∆𝑡!

20
∆𝑡!

8
∆𝑡!

6
∆𝑡!

8
∆𝑡!

3
∆𝑡!

2
∆𝑡!

6
∆𝑡!

2
∆𝑡

 

 

 

(33) 

This transition matrix described in equation 32 leads to the well-known linear motion equations 34, 35 and 

36: 

 𝑥!!! = 𝑥! + 𝑥!∆𝑡 +
𝑥!∆𝑡!

2
 (34) 

 

 
𝑥!!! = 𝑥! + 𝑥!𝑡  (35) 

 
𝑥!!! = 𝑥! + 𝑤! (36) 

 

Regarding the observation matrix (emission matrix) the modelled attention and its derivatives are 

assumed to be directed observable. If the derivatives of the EEG metrics were considered not observable, 

possible delays between cortical activity and CRT could not be estimated. Therefore, Hk can be described 

as three unknown parameters as described in equation 37: 

 
𝐻! = 𝑎 𝑏 𝑐   

(37) 

The coefficients a, b and c correspond to the given importance to the modelled attention, first and second 

derivative respectively to build the observation space (CRT space). As the derivatives help to build the 

CRT space (b and c different from zero), they are called observable.  In the end of the chapter the 

computation of these coefficients is explained. Thus, the observation equation assumes the described 

format: 
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𝒛! =  𝑎 𝑏 𝑐  𝒙! + 𝒗!   

(38) 

As the only measurement is the CRT, the measurement covariance matrix is a single value and equal to 

measurement process noise vk. The process noise is given by: 

 𝑹! =  𝜎!! (39) 

As a result, modulation of EEG’s metrics ends up being an estimation problem. A total of seven 

parameters need to be estimated, which include measurement and process noise, the initial state space, 

the initial state covariance matrix and three coefficients of the observation space. The coefficients of 

transition matrix do not need to be estimated, as the EEG metrics are modelled as a particle’s trajectory. 

This vector of parameters is called ϴ: 

 𝜃 =  𝑥!|! 𝑃!|!   𝜎!! 𝑞 𝑎 𝑏 𝑐  (40) 
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8.	METHODS	
 

In this chapter, the methods and workflow of the thesis are described, including the experimental design, 

acquisition and the main signal processing techniques. The methodology can be divided in five parts: 

1. Experimental Design and acquisition; 

2. Pre processing and EEG feature extraction; 

3. The data mining strategy that determines the group of EEG features that the CRT can model the 

best (Feature Contenders); 

4.  Kalman Estimation of the FCs; 

5.  Control-theory based techniques to extract insightful information from the FCs. 

8.1.	EXPERIMENTAL	DESIGN	AND	ACQUISITION	
	

8.1.1. Hypotheses	
 

The complexity of building an experiment to validate the CRT methodology as a means to obtain a 

continuous curve of tonic alertness is huge in terms of time and hardware requirements. Therefore, an 

experimental design was built to evaluate the potential of the CRT methodology and to validate the 

proposed mathematical formulation. All hypotheses were driven by the main goals of the thesis, section 

1.3. Three main assumptions were formulated, Table	 5. All experimental assumptions were built in a 

hierarquical structure. In other words, if hypothesis 1 is not true, the following hypothesis will also fail. This 

structure allows a faster experimental iteration to understand if a hypothesis reformulation is necessary or 

not to achieve the proposed goals. 

Table	5	–	Hypothesis	of	the	experimental	design	

		

Hypothesis 3 (H3) 

The CRT can estimate EEG's metrics of related to mechanisms of attention 

Hypothesis 2 (H2) 

The CRT can estimate the time dynamics of the EEG metrics obtained in H1 

Hypothesis 1 (H1) 

Some EEG features are more suited to be modelled by the CRT than others (Feature Contenders - FCs) 
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First, it is necessary to determine if there are features better suited to serve as target variable (H1) 

through the data mining strategy. If this is not true, the CRT cannot estimate any EEG metric (H2 fails).  

If H1 is true and a group of FC is obtained, these features are used as target variables in Kalman 

estimation to verify if there is any statistical significance between the estimation and the true value. If no 

statistical significance is found, H2 fails.  If it is found, in order to validate H3 a comparison between the 

statistical results and literature is essential to determine if the EEG metrics are readouts of attentional 

processes. Despite beginning with three hypotheses, a 4th one was briefly explored and proposed as 

future work to be tested. Hypothesis 4: If the three hypotheses are true and the CRT can model readouts 

of attentional processes, the estimation of these readouts with the proposed mathematical formulation can 

bring valuable insights about a subject’s condition. Signal processing tools based on control theory are 

proposed to test hypothesis 4 in the future.  

In order to test these assumptions, an experiment was designed where subjects played a TETRIS game, 

which had embedded continuous visual stimuli (CRT-TETRIS). EEG was acquired simultaneously. 

Continuous stimuli were presented randomly with an interval of 10 to 40 seconds between them. The task 

was developed in Eclipse IDE in Java programming language using as base a TETRIS’s source code. 

The game’s graphical user interface is made of a board panel where the standard Tetris pieces, which 

have multiple colours and shapes, appear and a side panel, just like in Figure 16. 

 

Figure 16 – TETRIS framework (left – without visual stimulus, right – with visual stimulus). 

The stimuli are purely visual. When the stimulus appears, the board turns red, Figure 16 right side, and 

the subject has to answer to the stimulus as fast as he can. After answering, the visual stimulus end and 

the board returns to black. During the test’s realization, the TETRIS game is never paused. From the 

game several metrics are extracted: score, level, time on task, number of clicks for each piece and the 

reaction times for each stimulus. In addition, another version of TETRIS game was developed, but ended 
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up not being used in the experimental design and left for future ones. This version was a N-back TETRIS 

variation focused on working memory, where a number appears at the top of piece that is falling, as 

shown in Figure 16. When the stimulus appears, the user has to answer which number was in the 

previous piece.  

8.1.2. Population	
	

The experiment was performed in 14 healthy subjects (24. 3 ±3.6 years). The task was performed around 

15 min at the beginning of the afternoon. Due to time limitations it was not possible to increase the 

number of subjects. All subjects were male in order to reduce sample variance. One recording was noise 

contaminated and was excluded of further analysis. Two of the readings are considered partial readings 

(Subject 1 and 2 with a time on task lower than 10 minutes), as the time of acquisition could not be the 

same as the others due to technical issues. 

8.1.3. Acquisition 

A 2 channel EEG was recorded (Fz and Pz channels – sampling frequency of 250Hz) with hardware from 

LASEEB (Laboratório de Sistemas Evolutivos e Engenharia Biomédica) at Instituto de Sistemas e 

Robótica (ISR). The acquisition platform was a polysomnography Sonolab 620C from Meditron, Figure 17. 

Electrode impedances were kept below 20k. The reference electrode was placed in the back of the 

subject’s earlobe. The ground electrode was placed in the subject’s left mastoid. The subject played the 

TETRIS game in a different computer. 

A sampling frequency of 250Hz was deployed to ensure the Nyquist Theorem. As the initial goal was to 

study the EEG signal from 0 to 100Hz, a minimum frequency sampling of 200Hz is necessary. According 

to the Nyquist Theorem, in order to analyse a signal to a maximum frequency f, the sampling frequency 

must be at least 2f.  

One of the biggest limitations the experimental design is the number of channels. The initial goal was to 

perform the experiments with a higher number of channels, at least 8 per person. However, the acquisition 

software of the EEG board only allowed the acquisition of 2 EEG channels simultaneously. As mentioned 

in chapter 3, several authors suggest that the frontoparietal neuronal network is one of the major players 

in attention. So, it was decided to measure the cortical activity of the region with Fz and Pz channels. 

(Corbetta & Shulman, 2002; Greene & Soto, 2014) 

A high number of channels is very important in EEG research. It allows not only higher spatial resolution, 

but also to apply sophisticated algorithms like blind source separation (BSS) and independent component 

analysis (ICA) to eliminate EOG and EMG artefacts. Indeed, the artefact rejection is crucial for channels 

near the forehead in order to maximize signal to noise ratio. In these experiments, the EOG and 

movements artefacts were eliminated through the application of a single threshold, eliminating eye blinks. 
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As mentioned in chapter 4, frequency brain activity in the gamma band has been one of the main focus of 

cognitive research in EEG. However, high-frequency neural activity overlaps with the spectral bandwidth 

of muscle activity (20 to 300Hz) and may influence the results of non-invasive recordings. Although 

techniques such as Laplacians and ICA are used to minimize this limitation, the little number of channels 

available made this type of processing not possible (Muthukumaraswamy, 2013). 

8.1.4. Storage	
	

The EEG files were recorded in SOMNIUM environment in EDF format in order to be imported and 

analysed in MATLAB. All TETRIS files are saved in an Excel file, so that they can be imported to other 

software for further processing or visualization. EEG and TETRIS’s data (reaction times, time on task, 

Level, Number of Clicks per piece and Score) were time synced for posterior analysis. The TETRIS game 

was played in a different computer in order to visualize of EEG signal simultaneously.  

 

Figure 17 – EEG acquisition board of Meditron 

8.1. PRE-PROCESSING	AND	FEATURE	EXTRACTION	
Before the extraction of EEG’s metrics, an initial pre-processing of EEG’s raw signal was made using 

several signal processing tools. First, each recording was bandpass filtered with a 100th order FIR filter of 

low cut-off frequency of 0.5Hz (avoid DC information) and high cut-off frequency of 45 Hz. Each of the 13 

recordings were segmented in 2 seconds time duration with 50% overlap between them. Segments with 

amplitude over 100uV, it would be considered noise or EOG/movement/EMG artefact and excluded from 

posterior analysis as explained previously.  

 Then, for each extracted window several features were obtained:  

1. Time domain – In this category, time domain metrics such as the Hjorth parameters, which include 

Activity, Mobility and Complexity, and fractal dimensions, Higuchi and Katz, were extracted; 

2. Time-frequency– Time frequency analysis was performed through STFT using EEG related 

features from the standard frequency bands (Delta, Theta, Alpha, Beta, lower Gamma), including 
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spectral power, phase and band ratios. Moreover, characteristics from Alpha, Beta and Gamma 

sub-bands were considered. 

A total of 58 metrics (time and time-frequency domain) were extracted for each channel, which are 

presented in attachment 1. All extracted time domain features have been used in several EEG biomedical 

applications as mentioned in the mathematical background. Not all extracted time-frequency features 

were research to verify if they had any involvement with EEG applications. However, it was a personal 

choice to include all possible ones to perform a deeper analysis.   

Evoked potentials play an important role in EEG research. However, they were not explored in the thesis 

because TETRIS (main task) was performed in a different computer than the one performing the EEG 

acquisition. As evoked potentials appear in a short time window after the appearance of the stimulus 

(order of milliseconds), if both computers were not perfectly synched to the ms, all analysis would be 

useless. Therefore, this option was not explored.  

Upper gamma of the EEG was not chosen for analysis because of not only the spectral leakage of 50Hz 

interference, but also as the spectral power of upper gamma is very low compared to other bands, if the 

ratio of Gamma power over noise is not optimal it can compromise the band’s information. The low power 

in upper gamma can be compromised due to the possible interference of muscular artefacts as stated 

before (Muthukumaraswamy, 2013).  

Feature smoothing was also an essential step for future steps of processing. It was necessary to compute 

EEG metrics’ line tendency to serve as a ground truth state space for Kalman estimation. Thus, each 

feature was smoothed using several signal processing tools: a median filter (3rd degree) to remove spikes, 

followed by a moving average filter (10th order) and lastly a Savitzky Golay filter (3rd degree polynomial 

with 179 window frame size). 

 

Figure 18 - Representation of the thesis workflow from the experiment design until EEG feature extraction 
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8.2. DATA	MINING	STRATEGY	
  

A data mining feature selection was developed to validate hypothesis 1 (Some EEG features are more 

suited to be modelled by the CRTs than other features). This strategy uses three resemblance metrics 

(RMs) between the EEG features and the CRTs to compute a final score. Their resemblance is evaluated 

through linearity, monotony and time delay. The degree of linearity was computed between the CRT and 

each EEG metric with Pearson correlation. Monotony was evaluated between the same variables with 

Spearman correlation while for time delays dynamic time warping (DTW) was computed. DTW is an 

algorithm that computes the cost of aligning two temporal sequences, which vary in time and speed.  

The output of each of the 3 resemblance metrics is used to compute a qualitative score for each feature, 

where the minimum score is 1 and the maximum score is equal to the number of features. In other words, 

a maximum score, equal to the number of features, implies the feature is optimal in that RM. On the 

contrary, a minimum score implies that the analysed feature is the worst in that RM category. The final 

score is computed by summing the linearity, monotony and time delay scores. The features with the 

highest scores are the candidates for Kalman optimization. This ranking system is useful when comparing 

metrics of different nature and a normalization technique is necessary between them, especially between 

the correlations and DTW metric. 

These three RM were chosen because of the properties of the chosen Kalman Filter. It assumes 

Gaussian noise for both measurements and state space and both update and prediction steps are ruled 

by linear equations. So, it is desirable to have a higher linear relationship between the CRTs and the EEG, 

which is evaluated with Pearson coefficient. Using Pearson and Spearman may seem redundant but if 

non-linearities exist between the CRTs and the metrics of EEG, it can only tracked with Spearman 

coefficient. As none of these two can evaluate time delays, DTW is necessary. Higher DTW costs means 

the 2 sequences are more time delayed than sequences with lower cost. EEG metrics that have lower 

cost of aligning themselves with the CRT make the Kalman estimation easier because it lowers the 

dependence of the velocity and acceleration states. DTW formulation can be accessed in the indicated 

literature (Ratanamahatana & Keogh, 2004). 

The scores were calculated at the level of the population and not individual. This strategy brings no 

information about the standard deviation of the scores. As the CRT is extremely noisy, the correlation 

between the CRT and the features is low without Kalman estimation to minimize it. Thus, a large number 

of degrees of freedom is necessary to make the correlation between them statistically significant (with at 

least p-value<0.05). Therefore, in order to ensure statistical significance in the proposed strategy, the 

number of degrees of freedom is maximized by computing the ranking scores with all 13 subjects and not 

individually. This way all correlations in the data mining strategy have 843 degrees of freedom (845 

reaction times at total). 
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Besides computing the score for the 58 features for each channel, the ranking scores were computed 

between the CRT and each frequency’s normalized and non-normalized power (1 Hz resolution for a total 

of 45 frequencies). This approach allows understanding the Ranking scores’ tendency across the 

frequency spectrum with high resolution.  

A simple example of this process is explained with 3 hypothetical features in order to make it more 

understandable for the reader: 

Table	6	–	Score	of	each	feature	for	each	category	

 Feature 1 Feature 2 Feature 3 

Pearson Correlation 1 (rp = 0.2) 2 (rp = 0.4) 3 (rp = 0.7) 

Spearman Correlation 1  (rs = 0.25) 2 (rs = 0.4) 3 (rs = 0.7) 

Dynamic Time Warping 1 (cost =0.9) 2 (cost = 0.7) 3 (cost = 0.1) 

 

In Table	 6, each resemblance metric is computed between each feature and the CRT (rs, rp and cost). 

Then, a ranking is built for each resemblance metric (qualitative score between 1 and 3). Each of these 

qualitative scores is summed as shown in Table	7. 

Table	7	–	Final	Score	of	each	feature	of	the	example	

 Feature 1 Feature 2 Feature 3 

Final Score 1+1+1 = 3 2 + 2 +2 = 6 3 + 3 +3 = 9 

 

If a threshold of 7 is chosen, only feature 3 is considered as a FC and chosen for Kalman estimation. In 

the thesis, the same procedure is used for 2 different cases:  

1. Instead of 3 features, the procedure is adopted to the 58 EEG features (maximum final score of 

174). From the 58, the group with scores higher than 160 are considered as FCs for posterior 

Kalman estimation (Case 1). 

2. Instead of 3 features, the procedure is also adopted across the frequency spectrum (45 features, 

each feature is 1 individual frequency) in order to understand if there is or not a spectral tendency 

of the scores. In order words, the 3 resemblance metrics are computed between the power of 

each individual frequency and the CRT. A cut-off threshold of the final score >100 is used to 

comprehend which frequency ranges are most relevant (Case 2). This scoring was applied not 

only to the CRTs, but also TETRIS metrics such as: time on Task, Level and Game’s score. 

All features and CRT were Z-normalized (every variable with 0 mean and unitary standard deviation) 

before the calculation of the resemblance metrics, so that DTW’s cost computation would not be bias to 

the amplitude of both variables involved. Both thresholds (160 and 100) were not optimized. If a group of 

feature is found above the threshold, H1 is validated. 
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8.3. KALMAN	FILTERING	
	

The FCs were obtained through the data mining strategy. These FCs are used as target variables of the 

Kalman Filter that was introduced in chapter 7. It is true this formulation is destined to estimate readouts 

of attentional processes using the CRT but all FCs are tested, regardless of them being related to 

mechanisms of attention or not. After the estimation, they are all tested (to validate or not hypothesis 2).  

After each estimation, several performance metrics are computed to evaluate how the well the CRTs can 

model the optimal features: Pearson Correlation, Spearman Correlation and DTW between the Kalman 

estimation and the true EEG metric value. Notice that also in the data mining strategy, these same metrics 

are used. The FCs that achieve statistical significance are compared with the literature review of chapter 3 

to evaluate if these findings are related to attentional processes or not. If yes, H3 is validated. If not the 

hypothesis must be reformulated.  

Both FCs (state space) and CRT (measurement space) were Z-normalized to facilitate the optimization 

process. The optimization of the seven parameters, vector ϴ in equation 40, is made through least mean 

square (LMS) for each FC. Cross validation strategy is adopted. Leave Out One Cross Validation Strategy 

is pursued where from N subjects, N-1 are used as training set for the Kalman Filter, originiating N 

Kalman models. The test set includes the individual that is not used in the training set. So, correlation 

analyses was performed at an individual level, where the number of degrees of freedom is equal to 

number of reaction times of each acquisition minus 2 - Table	8. 

Also, for each performance metric, a one-way Kruskal-Wallis test (non parametric version of ANOVA) was 

conducted between the FCs (a total of 3 tests) to determine one is statistically better than the others. Due 

to the limited amount of subjects, this test was preferred over ANOVA (parametric). 

8.4. FEATURE	EXTRACTION	OF	THE	FEATURE	CONTENDERS	
This section goes beyond the thesis objectives listed in chapter 1 and the initial hypothesis of the 

experimental design. A closer look was given to the TETRIS framework under the following hypothesis. 

H4 – if the CRT can model the EEG metrics related to attentional processes during the TETRIS task 

(validation of H3), the time dynamics of the estimation of these metrics can give relevant insights about a 

subject’s condition. 

H4 comes as a follow up of the validation of H2 and H3. The validation of this assumption is not made and 

it is proposed as future work. In this thesis, three signal-processing tools were developed as possible 

methodologies for future experimental designs that include H4. These strategies were only applied to one 

FC due time limitations.  
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The trained Kalman model is used to estimate the time evolution of the chosen FC. However, as the 

sampling times between stimuli are unequal, time-frequency analysis is not feasible. The estimated curve 

is represented across the number of stimulus responded (CRT-domain instead of time-domain). In the 

CRT domain samples have the same interval between them and time frequency analysis is possible 

(CRT-frequency analysis).  

This new representation gave rise to two groups of subjects who have very different time dynamics, Figure 

19. One group has a constant rise of the estimated curve of the optimal feature (Subject 3, 5 and 6). The 

other group has an oscillatory behaviour (All other subjects except 1 and 2). A subject of each group is 

displayed in Figure 19 For simplicity these groups will be called from now on damped (oscillatory behaviour) 

and undamped (constant rise). Subjects 1 and 2 were not part of the analysis because of the few number 

of reaction tests performed (partial recordings - Table	8). The clinical significance of these groups is not 

known (if any exist at all). Their possible significance is proposed as future work. Few statistical tests were 

conducted for the results of these sections due to time limitations and limited number of subjects per 

group. 

	

Figure 19 – Representation of the estimated gamma power (EG) - one subject of each group (Subject 3 – Damped group; red – 
Subject 6 – Undamped group).  

In the following subsections the three control based feature extraction techniques are explained.  

8.4.1. CRT	domain	

In this first strategy, for each individual, several metrics of the estimated curve of chosen FC is extracted 

(6 at total). All metrics were extracted in the CRT domain. The population curve of the chosen FC is 

displayed to exemplify the representation of each one. 
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Figure	20	–	Population	curve	in	the	CRT	domain	of	the	estimation	of	the	optimal	feature.	4	of	6	listed	metrics	are	represented.	
Only	ZCR	and	normalized	peak	time	are	not	represented. 

1. Rising time (RT) - Rising time corresponds to the time the signal crossed the y-axis for the first 

time. In other words, the first time the signal crosses its mean value if the signal is not z-

normalized;  

2. Peak time or Maximum time (PT or MT) - The peak time corresponds to the time the max value is 

achieved; 

3. Zero Crossing Rate (ZCR) - The zero crossing rate corresponds to the ratio of number of times 

the signal crossed the y-axis over the number of CRT answered. Put differently, it represents ratio 

between the number of times the signal crosses its mean value and the number of CRTs of the 

experiment; 

4. Difference between MaxValue and FinalValue - The difference between the maximum value of the 

signal and its value at the end; 

5. Difference between MaxValue and InitialValue - The difference between the maximum and initial 

value of the signal; 

6. Normalized peak/maximum time – Ratio between maximum time (feature 2) and number of CRT 

answered. Some subjects had longer or shorter experiments than others, leading to a different 

number of CRT per subject. Normalizing the peak time provides standardization across subjects. 

As this exploratory analysis is novel, there is no review that may indicate which ones are better to 

approach this problem.  

Before extraction of the six features, the data was Z-normalized to scale all signals to the same order. 

This normalization does not affect their time dynamics. After extraction, a two-way t-test was performed 

for each feature to determine if the analysing feature is statistically different between the undamped and 

damped group. A scoring system was developed using principal component analysis (PCA). The features 

that rejected the null hypothesis were Z-normalized and used as input in PCA. The first principal 

	

Max-Final	=	0 

PT 

RT 
Max-Initial 
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component, the one that explains the data’s variance the best, is selected and used as a scoring scale for 

undamped and damped subjects.  

8.4.2. Magnitude	and	Phase	response	–	CRT	frequency	analysis	

In this second strategy, CRT-frequency analysis (the equivalent time-frequency) was applied. Each 

estimated curve of the chosen EEG feature is modelled through an AR-model, as mentioned in chapter 6. 

A 3rd degree model was chosen because it allowed a low mean squared error as well as model simplicity 

(low AR-order). No methodology of the literature was used to determine the degree of the AR-model, as 

these types of signals have not been explored before. The data for AR-modelling was min-max 

normalized (minimum value corresponds to zero and maximum to one) and the coefficients were obtained 

by least mean square optimization.  

The AR-model of the signal is used to obtain its filter response, as described in chapter 6 from equation 

18 to 22. The filter’s magnitude and phase response is computed for each subject. As the signal is 

discrete, the phase is represented from –π to + π (-180 and 180 degrees) while the magnitude is 

represented in logarithmic form (db).  

	

Figure 21 - Phase response (left) and phase velocity (right) results from one sample of each group. Undamped subject is 
represented in red while damped subject is represented in blue. The phase velocity is displayed around the 0 Hz. 

Phase is represented across normalized frequency from 0 to the sampling frequency divided by 2 (Nyquist 

frequency), Figure 21. The sampling frequency is 1 CRT-1 (the equivalent to Hz in time). In other words, 

phase and magnitude are represented from zero frequency to CRT-1/2. The phase response of each 

subject is derived across frequency (phase velocity) to find once again characteristics to distinguish the 

undamped and damped group. If P is the phase response, its phasfle velocity (PV) is computed as 

followed: 

 𝑃𝑉 =  
𝑑𝑃
𝑑𝑓

 (41) 
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The maximum and minimum value of the PV around lower frequencies of each subject is extracted. Only 

the lower frequencies of the phase velocity were analysed because it was the frequency region where 

most differences between both groups were most visible, as displayed in Figure 21 (red spike around 0Hz in 

the left figure). No statistical test was carried to confirm this. The PCA is applied again for scoring 

purposes. The two extracted features are Z-normalized and serve as input to PCA. Just like strategy 1, 

the first principal component is used to build a scoring scale to distinguish both groups. 

8.4.3. AR-modelling	–	Natural	Frequency,	Damping	Ratio	and	Time	Constant	

This last mining strategy also involves the filter response of the AR-modelling. Instead of calculating the 

phase and magnitude response, the filter’s poles were determined. Each subject was modelled by a 3rd 

degree AR model. Therefore, every subject has three characteristic poles. Each pole’s natural frequency 

(ω), damping ratio (ε) and time constant (τ) were computed, using equations 23, 24 and 25. No statistical 

test was conducted.  

 
Figure 22 - Representation of the thesis’ workflow after EEG feature extraction 
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9. RESULTS	AND	DISCUSSION	

9.1. ACQUISITION	
	

The main results of each stage of the thesis are presented and briefly discussed, beginning with 

acquisition (EEG and TETRIS).  

	

Figure	23	–	Left	–	Reoresentation	of	a	small	duration	of	the	recorded	EEG	from	the	parietal	channel	of	subject	1	(blue)	as	well	as	
the	100uV	threshold	used	for	artefact	rejection	(black).	Right	–	EEG	spectrum	of	Pz	channel	from	the	14	recorded	subjects	(each	
color	is	a	diferent	subject)	.	The	spectrum	extends	from	0.5	to	45Hz.	

As mentioned, one of the limitations and hardest parts of this work was at the acquisition level. Only 2 

techniques were used to evaluate/reject possible artefacts and noise besides band pass filtering.  As 

EOG’s amplitude is higher than EEG, Figure	23, a simple threshold can eliminate almost fully eye blinks, 

eye movements, body movements in general and high amplitude EMG artefacts. Another strategy is to 

represent the frequency spectrum to determine possible contaminations in higher frequencies of EMG and 

50Hz interference. From the frequency spectrum, only one individual show clear contamination after 37 

Hz (Yellow subject - Figure	 23- right side) and was eliminated from further analysis. However, this 

technique is not clear about the interference of intracranial EMG and nothing can be concluded from the 

other subjects. It would always be necessary the application of ICA or Laplacians, which was not possible 

due to the number of channels and lack of better equipment.  
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Figure	 24	 –	 Mean	 (red)	 and	 variance	 (black)	 of	 the	 reaction	 times	 of	 each	 subject	 (left).	 The	 Gaussian	 distribution	 of	 the	
population’s	reaction	times	(right) 

Several correlation analyses were run between statistics of the reaction times and the mean value of each 

EEG metrics. None of them is presented in the thesis due to its large size and very few of these analyses 

obtained statistical significance. The only conclusion drawn was that TETRIS is in fact a complex game, 

far more complex than other tasks because it largely depends of the skill of the player. While monitoring 

the subjects during the experiment, it was clear that the worst players were the ones that reacted slower 

to the visual stimuli and have higher reaction time variance. Players with more skill reacted more easily to 

the stimuli and their reaction times were more constant. This skill dependency contaminates the reaction 

times’ statistics, introducing more variance that is hard to control. Also in Figure	 24, the Gaussian 

distribution of the population is drawn to show the how large is the variance obtained. As the database is 

little, 13 subjects, only 11 degrees of freedom are available to ensure statistical significance in these 

correlation analyses. 

As a result, it was decided at this point that all data and analysis (correlations and estimations) should be 

Z-normalized to eliminate this skill dependency that would jeopardize the results. It was decided to focus 

on analysing time-dynamics. This way the number of degrees of freedom is increased and it is easier to 

obtain statistical significance. When performing correlation analyses at the level of the population in time 

dynamics, all reaction times of the database can be used (total of 845 reaction times - 843 degrees of 

freedom) - Table	8. However, by normalizing all most analyses become harder to extrapolate to an online 

environment.  

Table	8	–	Number	of	reaction	times	acquired	for	each	subject	

Subject Number of reaction 
times acquired 

1 17 (partial) 

2 18 (partial) 
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3 62 

4 88 

5 87 

6 63 

7 40 

8 63 

9 60 

10 80 

11 61 

12 99 

13 110 

Total 845 

 

9.2. DATA	MINING	STRATEGY	
 

In this section, the main results of the proposed data mining strategy are presented. For each channel the 

FCs are determined (higher than a threshold of 160). Several rankings scores were calculated: a total of 

148 for each channel (58 features and 45 normalized and non-normalized frequencies). The correlations 

of each core obtained a p<<0.01. The full ranking score is placed in attachment 2 and only the FCs are 

displayed (Table 9 and Table 10). As a reminder, these scores were computed using all population’s data 

and not individually to ensure statistical significance. Therefore, no variance of these scores is presented. 

The FCs of the 58 EEG features are presented in Table 9 and Table 10.  

Table 9 – Major feature contenders of Pz channel (Score >160) and their respective ranking score. Scores from 
different channels are not comparable. The scores of the other 54 features of the Pz channels can be obtained in 
attachment 2. 

Major FC of Pz channel Score (0-174) 

Spectral Frequency 174 

Low Gama PSD 169 

Gama peak frequency 169 

Katz Fractal 166 

 

Table 10 - Major feature contenders of Fz channel (Score >160) and their respective ranking score. Scores from 
different channels are not comparable. The scores of the other 53 features of the Fz channels can be obtained in 
attachment 2. 

Major FC of Fz channel Score (0-174) 
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Low Gama PSD/Alpha PSD 174 

Higuchi Fractal 169 

Low Gama PSD/(Beta PSD + Alpha PSD) 169 

Normalized Low Gama PSD 164 

Low Gama PSD/(Theta PSD + Alpha PSD) 164 

 

By analysing Table 9 and Table 10, only a few EEG metrics achieved the status of FCs, 4 in Pz channel 

and 5 in the Fz channel. The rest are considered non-optimal features. This group of non-optimal features 

includes: the phase response of the different EEG bands and sub-bands; power spectrum density of lower 

frequencies, delta, theta and alpha bands; Hjorth parameters (Activity, Mobility and Complexity); 

normalized the power spectral densities of different bands besides gamma. These features were excluded 

from further analysis. Despite solo alpha power not being in the top features, it appears in the 

denominator of some FCs. 

Most noticeably, power of low gamma and gamma related features obtained all high-ranking scores 

across both channels. In Fz channel, low gamma power and the frequency of highest gamma power 

(gamma peak) achieved 2nd and 3rd best places respectively, Table 9. In Pz channel, Table 10, 4 of the 5 

FCs are features proportional to the power of Gamma. Both time domain fractal dimensions, Katz and 

Higuchi also showed promising results in Pz channel and Fz channel respectively. This top spot belongs 

to Spectral Frequency, Table 9.  

Thus, these results show that H1 is validated because a group of EEG features stood out of the 58 

extracted features, Table 9 and Table 10. 

From this analysis, 5 metrics are common across the 9 FCs: low gamma power, fractal dimensions, 

spectral frequency, gamma peak frequency and alpha power. Spectral frequency is the frequency (Sf) that 

defines a frequency range from 0 Hz to Sf Hz, which includes 95% of the power spectrum density in a pre-

determined time window. So, if higher concentration of the spectrum power is in higher frequencies 

(higher Gamma power for example), Sf will be also higher and consequently the spectral frequency. When 

referring to fractal dimensions, such as Katz and Higuchi, they try to estimate how complex a signal is. For 

example, EEG signal is shifted to lower frequencies when an individual is in deep sleep stage, giving a 

more sinusoidal shape (clean shape) and less complexity (less fractal dimension).  On the other hand, if 

the signal has a higher mix of frequencies from different bands (especially higher spectral power density 

of higher frequency bands such as Beta and Gama), its shape is much less sinusoidal, leading to a rise in 

signal’s complexity and fractal dimension. In addition, Gamma band has a narrow frequency band that 

presents much higher spectral power than the rest of its band. This characteristic region is called the 

gamma peak and generally surrounds the 40 Hz. If higher amplitude is present in the gamma peak region, 

gamma power is also higher.  
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Spectral tendency of the ranking scores was studied across normalized and normalized frequency 

spectrum, Figure 25 and Figure 26. This analysis includes not only the CRTs, but also TETRIS own 

metrics: Level, number of Clicks per piece and time on task. As a reminder, a score is computed between 

each variable of interest and the spectral power of each 1Hz frequency difference. 

 
Figure 25 – Evolution of the ranking scores of non-normalized spectral power across frequency for Pz channel (left) 

and Fz (right) and different extracted metrics: CRT (blue), Time on Task (black), Level (green) and Clicks (red). 

 
Figure 26 - Evolution of the ranking scores of normalized spectral power across frequency for Pz channel (left) and Fz 

(right) and different extracted metrics: CRT (blue), Time on Task (black), Level (green) and Clicks (red). 

 

The ranking scores of the spectral evolution displayed in Figure 25 and Figure 26. These scores are much 

lower than the top scores of the 58 features per channel, Table 9 and Table 10, because the maximum 

score of this spectral evolution analysis is 135 (45 times 3). As a result, despite using a threshold of 160 
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for feature analysis, a threshold of 100 is used to evaluate the spectral tendencies across TETRIS’s 

metrics. Some promising results were found regarding the potential of time-on-task (black line) and the 

level of the game (Green) to modulate EEG metrics. For time-on-task, higher scores were obtained for 

frequencies in the alpha and high beta bands for both non and normalized spectral power, Figure 25 and 

Figure 26. Other frequency ranges that include delta, theta, lower beta and gamma provide much lower 

scores. In Level analysis, despite not existing any frequency tendency in non-normalized spectral power 

for both channels, Figure 25, high scores are obtained with normalized alpha for both channels, Figure 26. 

Number of Clicks per piece did not show any particular high score across frequency, Figure 25 and Figure 

26. Despite time on task and level having potential to model EEG metrics, a focus was given to the CRT. 

In the CRT analysis, the results of the optimal FCs, Table 9 and Table 10, are coherent with the rankings 

scores across the frequency spectrum (1 Hz resolution for non and normalized spectral power), Figure 25 

and Figure 26. A clear tendency exists where higher scores correspond to higher frequencies (Figure 25 

and Figure 26 - blue line). This representation shows that a portion of higher beta band (25-30 Hz) also 

obtained reasonable scoring, comparable to low gamma power (30-45 Hz). In addition, the coherence 

between the optimal FC and the ranking scores across the frequency spectrum is also evident in lower 

frequencies. Lower frequencies (0-20 Hz) have low ranking scores, Figure 25 and Figure 26. Besides 

alpha, the other low frequency bands do not make part of the FCs, Table 9 and Table 10.  

The tendency of higher CRT scores in higher frequency ranges, especially after 30 Hz, corroborates the 

time-frequency FCs related to gamma band. In EEG feature extraction, the frequency limits used for each 

band were the ones referenced in the literature. The frequency ranges with highest CRT scores were 

around 34-45 Hz (Pz channel - Figure 25) and 25-35 Hz (Fz channel - Figure 26). These limits can be 

used to optimize EEG’s feature extraction with the computation of power of more specific bands. This 

hypothesis was not tested. 

As H1 was validated, the FCs (9 features) are selected for the next round of analysis. 

9.3. KALMAN	ESTIMATION	
 

In this sub-section, the results of applying the mathematical formulation to estimate readouts of attention 

are presented. In the previous round of analysis, 9 EEG features were selected as feature contenders. In 

this sub section, a Kalman filter model is trained for each FC to evaluate if the CRT can model its time 

dynamics. The performance metrics of these estimations are computed to evaluate if statistical 

significance is obtained and if one feature has better performance or not. The graphic representations of 

the performance of these estimations are displayed as well as the respective line of tendency, Figure 27 

and Figure 28. The graphic results of the Fz channel and are not presented here. They should be 

consulted in attachment 3.  
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Figure 27 - Kalman estimation of Pz Spectral Frequency (left) and low gamma power (right). The cloud of points of the 
experimental data is displayed. The confidence intervals (95%) are computed for both. In both figures, a linear 

regression is computed to determine the trend (black line). 

 
Figure 28 - Kalman estimation of Pz Katz Fractal (left) and gamma peak frequency (right) the cloud of points of the 

experimental data is displayed (red crosses). The confidence intervals (95%) are computed for both). In both figures, 
a linear regression is performed to determine the trend (black line). 

In Figure 27 and Figure 28, it is clear the existence of a tendency and correlation between the values of 

the FCs of the Pz channel (low Gamma power, Katz Fractal, Gamma peak frequency and Spectral 

frequency) and their estimation value using Kalman Filtering. Substantial individuality variability exists 

through all range of the estimation (x axis). This variability is notorious by visualizing the 95% confidence 

interval of each estimation.  

Higher values of the FCs originate higher output estimations of KF and lower values of the FCs lead to 

lower output estimations of KF. Substantial non-linearities are not evident in the estimation of each FC 

and therefore, non-linear versions of Kalman Filtering are not necessary. Comparison between the KF’s 

performance using different FCs can only be obtained with a closer look to the performance metrics, Table 

11 and Table 12. As mentioned the results of Fz are placed in attachment 3, from Figure A1 to A3. The 
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FCs of the Fz channel have a similar individual variability and confidence intervals. The performance 

metrics (Spearman, Pearson correlation and DTW) of these estimations are computed to evaluate if 

statistical significance is obtained and the results’ variance. These results are displayed in Table 11 and 

Table 12. 

Table 11 –Pearson and Spearman correlation, and DTW performance metrics for the 4 major feature contenders of 
the Pz channel. All correlations have a p-value<0.05. 

FC Pearson Correlation Spearman Correlation DTW 
Spectral Frequency 0,477 ±0,285 0,445 ± 0,292 33,97 ±16,2 
Low Gama Power 0. 598±0,249 0. 558±0,267 31,42 ±16,03 

Gama peak frequency 0. 590±0,259 0. 559±0,274 32,56 ±16,11 
Katz fractal 0. 491±0,358 0.552±0,379 37,50 ±21,36 

 

Table 12 - Pearson and Spearman correlation and DTW performance metrics for the 4 major feature contenders of 
the Fz channel. All correlations have p<0.05. 

FC Pearson Correlation Spearman Correlation DTW 
Gama/Alpha 0. 542 ± 0,221 0.544 ±0,230 33,11 ±15,441 

Higuchi Fractal 0.518 ± 0,320 0.467 ±0,301 35,24 ±18,020 

Gama/ (Beta+Alpha) 0. 548 ± 0,185 0.551 ±0,197 34,00 ±15,604 
Normalized Gama power 0.499 ± 0,27 0.470 ±0,245 35,99 ±17,988 

Gama/ (Theta+Alpha) 0. 523 ± 0,27 0. 472 ± 0,286 36,49 ±18,509 

 

All FCs obtained medium or medium/strong correlation (p-value<0.05) between their true value and their 

estimation using Kalman Filtering and CRT as its input.  Low Gamma power and Gamma peak frequency 

obtained the optimal mean value across all performance metrics (Pearson, Spearman and DTW) 

compared to the rest of the FCs, including Gamma related features and fractals, Table 9 and Table 10.  

However, it is noticeable the high variance of the performance metrics across the FCs, representing the 

high inter subject variability. As no feature outstood the others, a Kruskal-Wallis test (a non parametric 

ANOVA) was conducted for each performance metrics. The goal was to verify if any FC is statistically 

different from the others (alternative hypothesis H1). The null hypothesis (H0) was not rejected in any 

performance metrics, meaning no statistical difference exists.  

In Figure	29, it is displayed the Gaussian distribution of the Pearson coefficient for each FC. It represents 

the overlapping between distributions (the distribution of Spearman and DTW is not displayed). It is 

concluded there is no optimal EEG feature that outstands the others. Also there is no preferable channel 

where the estimation is better.  
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Figure	29	-	Gaussian	distribution	of	the	Pearson	correlation	between	each	FC	and	their	estimated	value	9	FCs.	No	clear	distinction	
exists	between	them.	Each	color	is	a	FC.	

Furthermore, DTW revealed itself not very useful at this stage. In DTW’s cost all results have a similar 

mean value and high variance, Table 9 and Table 10. A constant acceleration (CA) Kalman Filter was 

used in the thesis. As mentioned before, CA can track rapidly changing oscillations and eliminate time 

delays between the input and target variable. This could have made the DTW not so helpful as a metric 

judge.  

It is concluded that the CRT can model each of the FCs with medium or medium/strong correlation, 

validating the initial H2 of the experimental design. This aspect is crucial because the proposed data 

mining strategy can only tell us which features better than others. Despite these being better, they could 

have been bad overall. 

Two of the highest scores belong to both Katz and Higuchi. Despite these metrics have been used for 

some biomedical applications, very little literature was found connecting fractals to attentional processes, 

like focused and selective attention. One study was found where these metrics are used to distinguish 

children with and without ADHD, achieving accuracies higher than 85% (Allahverdy et al., 2011). 

However, this work was not even publishing and presented only in conference. As a result, it cannot be 

concluded that fractals are linked to attention. Gamma frequency peak is one of the FCs. Frequency shifts 

of the Gamma peak have been linked with attentional processes. Findings show that Gamma peak 

frequency shifts to higher frequency values for fast moving attended stimuli. Moreover, cortical regions 

have also higher Gamma peak frequency than others in order to promote selective attention and avoid 

distractibility (Van Pelt & Fries, 2013)(Bosman et al., 2012). However, just as fractals little literature was 

found corroborating these findings. Therefore, gamma frequency peak and fractals cannot help validating 

H3. 

As reviewed in chapter 4, in the literature two of the frequency bands more connected to attention are 

gamma and alpha band. For one hand, gamma activity is essential for selective attention, mainly for 

continuous activation of task relevant cortical areas. This connection has been found in several different 



	
	

75	

types of studies including feature and spatial attention and lesion studies (Doesburg et al., 2008; Fell et 

al., 2003; Kahlbrock et al., 2012; Kim et al., 2015). On the other hand, alpha activity inhibits irrelevant task 

processes in cortical areas not relevant for the role in hand. Alpha synchronization has been consistently 

correlated with inhibition of task-irrelevant sensory areas (Klimesch, 1999; Lopes da Silva, 2013; Mazaheri 

& Picton, 2005). Therefore, it is concluded that metrics related to attentional processes, mainly focused 

and selective attention, can be estimated using only CRT. Thus, H3 is validated.  

9.4. FEATURE	EXTRACTION	OF	LOW	PARIETAL	GAMMA	POWER	
 

As it was concluded that the CRT can model some readouts of attention, an effort was put to develop 

possible methodologies that can extract interesting metrics of the time dynamics of the FCs related to 

gamma or alpha bands. These methodologies can be applied in the future to understand if the CRT-

TETRIS can give insights about the attentional processes of an individual (attention and short term 

sustained attention) – hypothesis 4. As time was limited, the proposed feature extraction techniques were 

only applied to low parietal gamma power, which obtained the best mean value among the three 

performance metrics.  

In the left side of Figure	30, the population’s time evolution dynamics is built according to the data’s mean 

and standard deviation in the CRT domain. Some interesting conclusions can be drawn by the 

population’s line of tendency and variance across the different zones (error bars): 

1. In the beginning of the experiment, there is a constant rise of attention across the initial CRT (0 to 

15 CRT); 

2. The existence of a gamma peak (15 to 20 CRT); 

3. A slow decrease during 20 CRT; 

4. Plateau during the rest of the experiment. 

5. The deviation also provided important insights of which possible CRT domain metrics would best 

to describe the population in hand. The high variability around 10 to 20 CRT, and at end of the 

experiment (40 to 60 CRT) showed possible features to characterize the signal’s time dynamics. 

The higher variance in these two regions led to the discovery of groups with distinct properties as 

displayed in the right side of Figure	30. By visually evaluating different subjects, there are individuals who 

have a constant rise of estimated gamma, EG, (Subject 3, 4, 6 and 7) while others have a more oscillating 

behaviour (Subject 5, 8, 9, 10, 11, 12 and 13), which were named undamped and damped group 

respectively by this property. Each subject’s estimated gamma is put in attachment 4.  
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Figure	30	-	Time evolution of the estimated attention of the population. The errorbar represents the standard deviation 
and the thicker curve represents the mean value of the population at each CRT. Time evolution of the estimated 

Gamma (EG) of two subjects of two distinct groups (blue – Subject 3 – Damped group; red – Subject 6 – Undamped 
group 

9.4.1. CRT	domain	features	
 

The CRT domain features were extracted from each subject’s estimated gamma time dynamics and 

presented in Table 13. It is suggested to remind what these metrics represent, chapter 8. 

Table 13 – CRT domain extracted features for each of the elven subjects 

SUBJECT ZCR RT MT FINAL-MAX MAX-INITIAL NORMALIZED MT 

3 2,52 6 43 1 0,715 0,717 

4 0,953 10 70 0,352 0,999 0,814 

5 2,423 42 55 0,569 0,858 0,647 

6 3,787 20 61 0 0,942 1 

7 0,290 12 28 0.277 0,591 0,737 

8 1,655 10 27 0.094 0,812 0,466 

9 3,810 16 58 0 0,984 1 

10 4,884 12 42 0.384 0,906 0,538 

11 0,814 9 17 0,939 0,691 0,288 

12 5,63 11 18 0,657 0,899 0,186 

13 4,88 9 24 0,420 0,851 0,222 



	
	

77	

 

 

 
Figure 31 – In the left, it is represented results of a two way t-test between the group of constant rising attention and 
the group with oscillatory attention. Feature that are significantly different (p-value<0.05) are displayed in red, while 

features which the null hypothesis was not rejected are represented in black. Cloud of points representing the 2 
features that rejected the null hypothesis (yellow points – Undamped, blue points - Damped) 

Four of the six extracted metrics are not statistically different from one group to the other, Figure 31. Only 

Normalized MT and the variation between final and initial value of the signal rejected the null hypothesis. 

As the number of subjects is low, high T values cannot be obtained. By visualizing the two typical cases of 

damped and undamped, the distinction is better understood, Figure	 30. If an individual has a constant 

rising of estimated gamma, his maximum value will be close to the end of the experiment. In an oscillatory 

signal, the maximum can appear in any time.  

For one hand, undamped subjects have peak time near the end of the experiment and a small difference 

between the Max and Final value of the signal (anti correlation between features). On the other hand, the 

damped group can have a final signal value much more different than an undamped subject. 

Table 14 – Eigenvalues of principal component analysis of the 2 features and how much variance each principal 
direction possesses  

 Eigenvalue 1 Eigenvalue 2 
Absolute value 0.484 1.51 

Percentage of total 24.2% 75.8% 
 

The distinguishability of the clusters in Figure 31 lead to the possibility of developing a score using 

principal component analysis. It was possible to quantify and separate both groups, undamped and 

damped one, generating a smooth score trend, as displayed in Figure	32. 
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Figure	32	–	PCA	score	of	 the	eleven	 subjects	using	 the	CRT	domain	 features.	 In	 red	are	 the	 subjects	who	 the	 score	 that	were	
included	in	the	undamped	group.	In	black	are	the	subjects	that	were	included	in	the	damped	group. 

Subjects from the undamped group (6, 7, 9), red bars in Figure	32 achieved score above 0.6. The rest of 

the subjects from the damped group, black bars in Figure	32 have scores lower than 0.6. Notice that by 

visual inspection of each individual curve (beginning of this sub section), subject 4 did not belong to the 

undamped group. However, it is not a complete “black” and “white” score. Subject 4 belonging to the 

wrong group is another reason clear distinguishability was not obtained. In fact, by evaluating the 

eigenvalues of the PCA, Table 14, it is understood the lack of better distinguishability between groups. 

Optimally, one of the eigenvalues should contain near 100% of the data’s variance to obtain perfect 

distinguishability when feature reductions is performed. The score only contains 78.2% of data’s variance.  

6.2.2. Auto-Regressive	Modelling	(Magnitude	and	Phase	response)	
 

In this section, results from the data mining strategy using the CRT-frequency domain  are displayed. A 

closer analysis to the magnitude and phase response of each subject filter response is made. 

 
Figure 33 - Magnitude response of each subject. It is displayed from frequency zero to the maximum frequency allowed by the Nyquist theorem (Fs/2), 

where Fs is the sampling frequency. Each different color represents one subject. 



	
	

79	

In this CRT-frequency analysis, no substantial changes were obtained in the magnitude response across 

different subjects and consequently, no further analysis was conducted. All individuals present a filter 

response of a low pass filter, Figure 33. A positive gain is obtained in lower frequencies (lower than 0.3 

the normalized frequency), while a negative gain is expressed from 0.3 to 1 normalized frequency. 

 

Figure 34 – Phase response (left) and phase velocity (right) results from one sample of each group. Undamped subject is represented in red while 
damped subject is represented in blue. 

Despite the magnitude response did not seem promising, phase response analysis was rewarding. As 

displayed in Figure 34, individuals from the undamped and damped group have substantial differences in 

their phase responses in very low frequencies near zeros, red spike near 0 CRT-1 (undamped group). On 

the other hand, phase response in intermediate and higher frequencies are similar across different 

subjects. Deriving the phase response in frequency (phase velocity) allowed to conclude that the 

amplitude range of both groups’ phase velocity in lower frequencies is substantial different (higher 

maximum and lower minimum), as shown in the right side of Figure 34 and Table 15.     

Table 15 – Feature extraction of the Phase response of the eleven subjects (Maximum and minimum phase) and their respective 
PCA score from feature reduction 

Subject Minimum Phase Velocity Maximum Phase Velocity 
3 -0.56006 0.783833 

4 -0.55395 0.449813 

5 -0.54599 0.481886 

6 1.456681 -1.54823 

7 2.228824 -1.49181 

8 -0.54873 0.53221 

9 0.7064 -1.60305 

10 -0.54388 0.426057 

11 -0.55212 0.684168 

12 -0.54941 0.634328 

13 -0.53777 0.650797 
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Figure 35 – Z-score normalized feature representation of both extracted metrics from phase velocity (left), where damped subjects 

are represented in the red and undamped in blue. PCA eigenvalues of the extracted features (right). 

The extraction of phase velocity’s maximum and minimum value allowed to apply K-means unsupervised 

learning to group damped and undamped individuals, Figure 35. Here, lower minimum phase velocity and 

higher maximum phase velocity characterize the cluster of subjects belonging to the undamped group (red 

cluster in the bottom right of Figure 35), where higher minimum phase velocity and lower maximum phase 

velocity characterize the cluster of subjects belonging to the damped group (blue cluster in the bottom 

right of Figure 35). Similarly to strategy 1, a score was developed by applying principal component 

analysis (PCA), using the two extracted phase velocity’s features as input. Higher distinguishability of the 

PCA scoring is obtained.  Also a higher contrast between its eigenvalues exists, where more than 95% of 

the variance belongs to one dimension, Figure 35 right side. 

 
Figure 36 – Sorted PCA score of the eleven subjects after feature reduction using the Phase Velocity features. The 

subjects with lower score (black) have an oscillatory attention while subjects with higher scores (red) have a constant 
increase of attention during the experiment. 

Substantial distinguishability is achieved between both groups, in Figure 36. Thus, undamped subjects 

obtain high scores, between 0.6 and 1. On the contrary damped subjects obtain very low scores, below 

0.1.  Despite statistical tests were not performed to confirm this (low number of subjects), it is believed this 

technique can effectively discretize these two groups. 
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9.4.2. AR-modelling	–	Natural	frequency	and	Damping	Ratio	
 

In the last and 3rd data mining strategy, all the three poles’ main characteristics are extracted and 

presented in Table 16,  

Table 17. Their natural frequency and time constant is not and can be accessed in attachment 4 in Table 

A3 and A4. 

Table 16 – Real and Imaginary part of each of three poles of each subject 

Subject Closest Pole Intermediate Pole Farthest Pole 

3 -0.4404 0.9511 0.4625 

4 0.9955 0.6057 -0.4164 

5 -0.5601 0.9947 0.5320 

6 1.0167 0.1761 -0.0679 

7 1.0115 0.11 + 0.41i 0.11 - 0.41i 

8 -0.4474 0.9932 0.5366 

9 1.0279 -0.433 0.2578 

10 0.9960 0.4158 -0.1710 

11 -0.5009 0.9839 0.5419 

12 0.9884 0.4148 -0.0796 

13 0.9873 0.0979 + 0.1184i 0.0979 - 0.1184i 

 

Table 17 - Damping Ratio of three poles of each subject as a result of the autoregressive estimation of lower parietal 
gamma 

Subject 𝜺 (closest pole) 𝜺 (Intermediate pole) 𝜺(farthest pole) 

3 1 1 0.252521 

4 1 1 0.268591 

5 1 1 0.181415 

6 -1 1 0.650342 

7 -1 0.542798 0.542798 

8 1 1 0.247982 

9 -1 1 0.257418 

10 1 1 0.489938 

11 1 1 0.214873 

12 1 1 0.627294 

13 1 0.905104 0.905104 
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Subjects with a complex conjugate poles did not show potential as a differentiator of both groups, Table 

16. However, no statistical analysis was made with conjugate poles to find justifications of why these 

subjects have and others not. The closest pole (CP) to the unitary circle shows the most potential to 

distinguish Subject 6, 7 and 9, undamped group from the rest, damped group. Despite all closest poles 

being real, all undamped subjects have real parts bigger than 1, while damped subjects have negative or 

positive lower than 1. Subjects with a negative CP do not show any tendency. Furthermore, its damping 

ratio (ε) is binary,  

Table 17 (negative ε – undamped, positive ε – damped). Lastly, its time constant (τ) is negative for 

undamped subjects and positive for damped. The intermediate and farther poles do not any strong 

discriminative power and were not used to draw conclusions. In fact, the closest pole to the unitary circle 

is the most importance because it reflects the behaviour of the signal’s slow tendencies. 
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10. DISCUSSION	
 

Most of the objectives of this thesis were fulfilled. This thesis proposes a methodology of quantifying tonic 

alertness/vigilance using only sparse reaction times distributed randomly in time (CRT). In the beginning 

there was the ambitious goal of validating the CRT methodology as a continuous monitor of vigilance 

through the design of tasks that involved long-term sustained attention. This initial objective was not 

fulfilled. Due to the experimental complexity, a simpler set was built to validate the mathematical 

formulation for the estimation of readouts of attentional processes so that in the future it can be used in 

experiments related to vigilance. Despite, this experimental design was more directed to attention than the 

field of vigilance, the main goal and contribution of the thesis was the validation of the mathematical 

formulation for estimating attentional processes using the CRT.  

All hypothesis of the experimental design were validated and more hypotheses are suggested. A data 

mining strategy is proposed to select the group of features that embrace more potential to be modelled by 

the CRT. Two correlations ended up being redundant as meaningful non-linearities not were present, 

leading to similar results of both correlations.  

In the group of FCs little literature was found linking fractals and Gamma peak frequency to attentional 

processes. However, a large of features contenders is related to two EEG metrics related to attention: 

gamma and alpha band. The CRT can model these FCs with medium/medium strong correlation. No 

optimal feature stood out of the group in performance, as no statistical difference was achieved between 

them. 

As explained in chapter 4, Gamma band synchronization has an essential role in attention. Gamma 

activity has been widely correlated to not only improved feature and spatial visual attention, but also 

sustained and selective attention (Doesburg et al., 2008)(Kahlbrock et al., 2012)(Clayton et al., 2015). 

Moreover, the literature suggests its importance in enhancing task relevant processes, not only by aiding 

the employment of cortical resources to relevant cortical areas, but also in the ability of filtering non-

relevant processes that cause distractibility (Fell et al., 2003)(Müller et al., 2000). Lesions studies in the 

visual cortex connect the impairment of gamma activity and worse performance in visuospatial tasks 

(Doesburg et al., 2008)(Gregoriou et al., 2014). In addition, gamma has been studied in ADHD, where 

attention deficit subjects exhibit much lower gamma activity compared to control groups (Barry et al., 

2010).   

Besides gamma band, alpha band is suggested in many studies as a key component of attention. 

Findings suggest alpha desynchronization promotes the inhibition of irrelevant processes in relevant 

cortical areas, helping avoiding distractors (Fries, Womelsdorf, Oostenveld, & Desimone, 2008). For one 

hand, the data mining strategy, Figure 26 and Figure 25, shows low scores for the bands lower than Beta 
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Band (Delta, Theta and Alpha). On the other hand, some of the FCs are related to alpha power.  It is 

possible to see the antagonic relationship between gamma and alpha because these FCs are proportional 

to gamma and inversely proportional to alpha. Another reviewed metric in the beginning of the thesis was 

Fm theta. It is considered a signature of an individual’s cognitive control. It has been positively correlated 

with both improvement and task performance impairment (Borghini et al., 2014). No significant result 

included features related to theta band. 

Several feature extraction techniques based on control theory are proposed to obtain insights about the 

estimated low gamma power: CRT domain features, phase response and poles’ damping ratio. Despite, 

the CRT domain is able to separate different groups, undamped and damped, a strong distinguishability 

was not achieved compared to the CRT-frequency strategies. Only two out of six features rejected the null 

hypothesis across both groups (p<0.05). Even then, normalized peak time and the difference between 

maximum and final value of the estimation obtained small t value.   

The poles’ characteristics provide the best discrimination of the 3 strategies. The ε of the closest pole to 

the unitary circle ends up not being a score but an automatic decision tool, as its output is practically 

binary. Undamped subjects have their closest pole outside of unitary circle, leading to a damping factor of 

-1, while damped subjects have their closest pole inside the unitary circle and damping factor of +1,  

Table 17. Therefore, subjects with its dominant pole outside the unitary circle, possess an unstable filter 

response, resulting in undamping. Subjects with its dominant real pole inside the unitary circle, possess a 

stable filter response, resulting in damping as explained in chapter 6. No literature was found in this called 

“CRT-domain” and, therefore no comparison is possible. Likewise, the lack of literature makes it 

impossible to known possible clinical meaning of these groups or even if there is one. Its significance is 

left for future work. 

This work presents several limitations in the acquisition. One of the most important steps in EEG research 

is noise and artefact removal so that the quality of data and proper conclusions could be drawn. 

Generally, a high number of channels is used in EEG’s experimental design. This way it is possible to 

apply sophisticated signal processing techniques, such as Independent Component Analysis and 

Laplacians to remove any unwanted signal including EOG, EMG and movement artefacts. The only 

available hardware was composed of only 2 channels so these algorithms could not be applied. A 

threshold of 100uV was applied to remove EOG, movement and high amplitude EMG artefacts. This 

threshold cannot remove intracranial EMG. Its interference may compromise EEG analysis in high 

frequency bands. The effectiveness of this threshold was verified by visual inspecting the artefacts at each 

channel that led to a tedious and long job. Consequently, there were concerns using upper gamma and 

was not analysed.  

As consequence, the time resolution of the EEG features was lower to ensure the data’s quality. If more 

channels were available in the somatosensory or auditory areas, the hypotheses of alpha synchronization 
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in non-relevant task related processes and of alpha desynchronization in relevant task processes could be 

studied. In addition, the reduced time resolution to eliminate artefacts led to the impossibility of computing 

EEG metrics with information from both between Fz and Pz channel. 

Probably, another way to make these results more robust is with statistical analyses. In the data mining 

strategy to choose the FCs, the features were scored using the information of all subjects in order to 

maximize the number of degrees of freedom and to ensure statistical significance. A revamped strategy 

would definitely bring more insights: take individual variance in consideration as well as proposing a 

methodology to define the threshold for the FCs. For example, it would be interesting to compute an 

optimal threshold by determining the group of FCs (above the threshold) most statistically different from 

the rest (below the threshold).  

Due to time limitations little statistical analysis was performed for the results feature extraction of the 

estimated low gamma power. More focus was given to determining new ways to characterize the 

Undamped and Damped group so that these methodologies could serve as an initial step to test new 

hypothesis related to the CRT-TETRIS. The analysis of the natural frequency of each pole could bring 

new insights about the data. 

At the acquisition level, another way to increase robustness is to record EEG during five minutes before 

the beginning of the task to serve as baseline. As one of the initial goals was to be able to track EEG 

oscillations, it was not taken in consideration the importance of this period of time, which can give 

substantial insights for feature extraction, mainly in how for example low gamma power rises in the 

beginning of the experiment. There is a lot of room for improving. The experiment was conducted to a very 

restricted population: only male subjects, narrow age interval and a relatively short database (13 

individuals), which does not allow a strong statistical power between different groups. Therefore, possible 

improvements include: increase’s subjects’ age variance, both genders and higher number of subjects. 

The duration of the proposed protocol is of 15 minutes. However, there is space for optimization of its time 

length in order to minimize its duration. In the future, it should be evaluated if an incremental decrease of 

the number of stimulus answered does not statistically change the outcome of the proposed metrics.  

The reader can probably notice the in the last part of the thesis’ workflow, the thesis concentrated more on 

attention than vigilance, despite the initial motivation was in the vigilance field. Several reasons led to it. 

For one hand, the design of an experimental to measure long-term sustained attention would require 

resources that were not available. Choosing a complex task as the TETRIS game led to a high variance of 

the population’s reaction times. It was concluded the high variance is largely dependant of the subject’s 

skill in playing the game. Therefore, most analysis involving mean, variance of other statistics of the 

reaction times was conditioned. In to normalize each subject’s skill, all data had to be Z-normalized. This 

leads to the difficulty of extrapolating any findings to “online” environment because the data needs to be 

normalized and that can only be known in an “offline” environment.  
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It is believed higher gamma activity makes the subject more focused in the task in hand (playing the 

TETRIS game). Higher focused/orienting attention makes the subject more vulnerable responding to the 

distracting stimulus, leading to an increase in reaction times. This conclusion seems contra intuitive as 

generally low response times correspond higher attention levels, such as in PVT. This is justified because 

PVT and the TETRIS game try to quantify different attentional processes.  PVT measures tonic alertness 

where the subject has to respond as quickly as possible to a task-relevant stimulus. The CRT-TETRIS 

game tries to measure focused/selective attention and short-term sustained attention, where the subject 

has to respond to the non-relevant task stimulus as quickly as possible while maintaining attention at the 

main task. TETRIS was originally developed for the validation the mathematical formulation of attentional 

processes but the electrophysiological findings show that CRT-TETRIS can be a potential attention test 

for neuropsychiatric disorders where attention deficits are evident, such as ADHD and Narcolepsy.  The 

CRT-TETRIS is able to model with medium/strong correlation a group of features that are related to 

gamma and alpha band, which have been linked to several attention studies. This game based framework 

is one of the thesis greatest contributions. It is true several focused and selective attention tests exist but 

CRT-TETRIS brings some advantages and advances in the field of attention. Most vigilance or attention 

tests use metrics that don’t consider the test’s time dynamics, such as the PVT.  The combination of the 

mathematical formulation the control based feature extraction techniques can bring to the table new 

features and insights that are not currently explored. Despite TETRIS complexity may seem a 

disadvantage, it be turned into one of its major advantages. It is hypothesized that if some attentional 

processes can de modelled in such a complex environment using only one input, this can be also done in 

other similar tasks, such as other task driven games. In addition, as it is game based, it is more appealing 

for children. 

As the TETRIS task is goal-driven where the subject is instructed to perform as best he can, top-down 

attention is demanded. As stated in the neurophysiological review of attention in chapter 3, this specific 

type of attention recruits the dorsal frontoparietal attention network, which includes the intraparietal sulcus 

(IPS), dorsolateral prefrontal cortex (dlPFC) and frontal eye fields (FEF) (Corbetta & Shulman, 2002)(Clark 

et al., 2015). As low Gamma power is one of the FCs for both EEG channels and one of most consensual 

readouts of attentional processes, it is hypothesized higher response times to distractors of the main task 

correspond to higher neuronal activity of not only the intraparietal sulcus (parietal lobe), but also the 

dorsolateral prefrontal cortex and frontal eye fields (frontal lobe). Similarly, it is hypothesized that this 

CRT-TETRIS also recruits the ventral frontoparietal network, mainly the temporoparietal junction (TPJ). As 

TPJ is directly involved in reorienting focus of attention to unexpected stimulus situations (Krall et al., 

2014)(Clark et al., 2015), it seems plausible higher TPJ activity is promoted by the need of shifting 

attention between playing TETRIS and answering to the visual stimulus. Despite these hypothesis gain 

strength with the thesis’s results, the causality can only be demonstrated and validated using 
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neuroimaging such as fMRI to determine if higher CRTs correspond to higher activity in these cortical 

areas.  

Indeed, validating the TETRIS framework as a test for attention deficits is one of the proposed future work. 

More is suggested in the following chapter. 
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11.	CONCLUSIONS	AND	FUTURE	WORK	
 

Despite the initial motivation was in the field of vigilance, most of work and electrophysiological findings 

were in the field of attention, more concretely in focused/selective attention and short term sustained 

attention. However, contributions of the thesis can be applied to both vigilance and attention.  

But first, the limitations of this work should be tackled to improve what was done. The acquisition 

limitations must be overcome to evaluate the potential threat of the intracranial EMG contaminating the 

gamma band. Moreover, the new set of experiments should be focused on improving: subject diversity 

(age and gender), number of channels (especially including Oz for visual attention and Fp1 and Fp2 for 

EOG recording and artefact rejection), ECG recording for evaluation of the parasympathetic and 

sympathetic autonomic activity, and inquiries about sleep habits. This suggestion is already being taken 

place at the clinic: Centro do Sono Teresa Paiva in Lisbon. Only then, a more ambitious work can be 

pursued. 

For one hand, the potential of the mathematical formulation for attentional processes was proven and 

therefore, one option is to apply it in a new experimental design with the objective of building a continuous 

tonic alertness monitor to evaluate fatigue. This formulation needs a ground truth (target variable) to train 

the Kalman models using only the CRT. One option is to use EOG metrics (or EEG metrics) as possible 

target variables because of their sensibility to fatigue. 

On the other hand, the mathematical formulation to estimate attentional processes and 

electrophysiological findings of the experimental design can be more deeply explored in the field of 

attention. It is believed the thesis opens new doors to explore the CRT-TETRIS as a potential focused 

attention test. This framework can estimate features related to gamma band and alpha band with 

medium/strong correlation (p<0.05). By hypothesis, these estimations can be used “offline” to evaluate 

and diagnose neuropsychiatric disorders related to attention deficits, such as ADHD or narcolepsy. The 

thesis offers three feature extraction techniques of these estimations as possible methodologies (not 

validated) to perform this evaluation. Therefore, a possible future direction is to design a new set of 

experiments to validate or not if it can distinguish between groups of control and groups with attention 

deficits. Moreover, the TETRIS’s metrics should be compared and correlated with the results of attention 

tests, which has been already are validated by the scientific community to assess the pathology in study.  

One last approach can be the application of the thesis’ contributions in existent vigilance or attention tests. 

Most tests do not explore time dynamics like the PVT.  The combination of the mathematical formulation 

and the feature extraction techniques based on control theory can perform time dynamic analyses using 

the test’s reaction times. The objective is to improve their sensibility to the attentional process they want to 

measure/quantify. 
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 “As it can be seen, there are several fields where my contributions can be more deeply explored, tested 

and validated. Despite have only worked in the field of attention for one semester, I hope my work and my 

results can inspire other people to continue it in order to build something better, something more unique. I 

hope my thesis could serve as a basis for who wants become an adventurer in this scientific field. Since 

the beginning, it was my goal to give my contribution to science in a field full of challenge and unknowns 

despite the amount of the work it could bring along. I always believed that it is the work of a Biomedical 

Engineering to pick up problems that most of people fear. Fear for being unknown or incomprehensible. I 

always believed it is the duty of a Biomedical Engineering to tackle problem’s complexity and transform it 

into simple solutions. Solutions that can improve people’s quality of life. Solutions that can put science 

one-step further in the service of society for a better tomorrow.” 

Lisbon, November 2015 

Pedro Franco 
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12. ATTACHMENTS	

12.1. ATTACHMENT	1	
Table A1 – List of all extracted features from EEG 

Feature Number Feature 

1 Activity 

2 Mobility 

3 Complexity 

4 Vigilance 

5 Median Frequency 

6 Spectral Frequency 

7 Delta PSD 

8 Theta PSD 

9 Low Alpha PSD 

10 High Alpha PSD 

11 Alpha PSD 

12 Low Beta PSD 

13 High Beta PSD 

14 Beta PSD 

15 Lower Gama PSD 

16 Slow Wave Index 

17 Theta Wave Index 

18 Alpha Wave Index 
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19 Total Power 

20 Band Entropy 

21 Beta/Alpha 

22 Delta/Alpha 

23 Theta/Alpha 

24 High Alpha/Low Alpha 

25 (Theta+Alpha)/(Beta+Low Gamma) 

26 Max Theta 

27 Max Alpha 

28 Higuchi 

29 Katz 

30 Normalized Delta PSD 

31 Normalized Theta PSD 

32 Normalized Low Alpha PSD 

33 Normalized High Alpha PSD 

34 Normalized Alpha PSD 

35 Normalized Low Beta PSD 

36 Normalized High Beta PSD 

37 Normalized Beta PSD 

38 Normalized Low Gama PSD 

39 Alpha frequency peak 

40 SASI 

41 Low Gama/Beta 

42 Low Gama/Alpha 

43 Low Gama/Theta 

44 Low Gama/Delta 

45 Low Gama/(Theta+Alpha) 

46 Low Gama/(Beta+Alpha) 

47 Low Gama/(Delta+Theta) 

48 Low Gama Peak 

49 Gama frequency peak 

50 Delta Phase 

51 Theta Phase 

52 Low Alpha Phase 

53 High Alpha Phase 

54 Alpha Phase 

55 Low Beta Phase 

56 High Beta Phase 

57 Beta Phase 

58 Low Gama Phase 
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12.2. ATTACHMENT	2	
 

Table A2 – Complete list of the Ranking scores of all features 

	

Fc of Pz channel Score (1-174) FC of Fz channel Score (1-174) 

Spectral Frequency 174 Low Gama/Alpha 174 

Lower Gama PSD 169 Higuchi 169 

Low Gama Peak 169 Low Gama/(Beta+Alpha) 169 

Katz 166 Normalized Low Gama PSD 164 

Low Gama/Alpha 160 Low Gama/(Theta+Alpha) 164 

Low Gama/(Beta+Alpha) 157 Beta/Alpha 158 

Mobility 155 Low Gama/Theta 155 

Higuchi 154 Low Gama/(Delta+Theta) 154 

Normalized Low Gama PSD 154 Low Gama/Delta 147 

Low Gama/(Theta+Alpha) 147 Normalized High Beta PSD 142 

Beta/Alpha 137 SASI 142 

Low Gama/Theta 137 Mobility 136 

Normalized High Beta PSD 136 Low Gama Peak 135 

Low Gama/Beta 135 Lower Gama PSD 134 

Low Gama/(Delta+Theta) 133 Spectral Frequency 132 

High Beta PSD 131 Low Gama/Beta 129 

Gama frequency peak 126 Normalized Beta PSD 123 

Beta PSD 119 Median Frequency 116 

Activity 116 (Theta+Alpha)/(Beta+Low 
Gamma) 

102 

Total Power 111 Band Entropy 95 

Normalized Beta PSD 111 Theta Wave Index 89 

Low Gama/Delta 106 Vigilance 86 

Delta PSD 94 Alpha PSD 81 

(Theta+Alpha)/(Beta+Low Gamma) 92 Theta Phase 80 

Theta PSD 87 Complexity 78 

Max Theta 84 Max Alpha 78 

Complexity 81 Alpha Phase 78 

SASI 78 Low Alpha PSD 76 

Low Alpha Phase 74 Normalized Low Beta PSD 76 

Delta/Alpha 71 High Alpha PSD 75 

Alpha Phase 71 Alpha Wave Index 75 
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Normalized Alpha PSD 69 Theta PSD 73 

Vigilance 68 Max Theta 70 

Theta Phase 67 Delta PSD 69 

Median Frequency 65 Low Beta PSD 69 

Slow Wave Index 63 Total Power 68 

Theta/Alpha 62 High Alpha Phase 68 

High Alpha Phase 62 Activity 67 

Low Beta Phase 60 Low Gama Phase 66 

Normalized Delta PSD 58 Low Beta Phase 61 

Delta Phase 56 Alpha frequency peak 57 

Alpha Wave Index 55 Low Alpha Phase 57 

Normalized High Alpha PSD 54 Katz 56 

Beta Phase 50 Normalized Delta PSD 56 

Low Beta PSD 47 Beta PSD 53 

Normalized Low Alpha PSD 46 High Alpha/Low Alpha 50 

Normalized Low Beta PSD 46 Normalized Low Alpha PSD 49 

High Beta Phase 45 Delta Phase 49 

Low Alpha PSD 44 Beta Phase 49 

Low Gama Phase 44 High Beta PSD 46 

Alpha PSD 38 High Beta Phase 43 

Max Alpha 35 Normalized High Alpha PSD 41 

Band Entropy 31 Delta/Alpha 39 

Alpha frequency peak 31 Normalized Theta PSD 37 

High Alpha PSD 26 Gama frequency peak 35 

High Alpha/Low Alpha 26 Theta/Alpha 32 

Theta Wave Index 25 Slow Wave Index 31 

Normalized Theta PSD 25 Normalized Alpha PSD 30 

 

 

	



	
	

99	

12.3. ATTACHMENT	3	
 

 

FIGURE A1 - Kalman estimation of the ratio of power of gamma over the power of alpha (left) and of Higuchi (right) - 
Fz channel. The cloud of points of the experimental data is displayed (red crosses). The confidence intervals (95%) 

are computed for both). In both figures, a linear regression is computed to determine the trend (black line). 

 

Figure A2 - Kalman estimation of the ratio of the power of gamma over the sum of beta power and alpha power (left) 
and the Ratio of gamma power over the sum of theta power and alpha power – Fz channel. In the left, the cloud of 

points of the experimental data is displayed (red crosses). The confidence intervals (95%) are computed for both). In 
both figures, a linear regression is computed to determine the trend (black line). 
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Figure A5 – Kalman estimation of the ratio of the power of normalized gamma – Fz channel. In the left, the cloud of 
points of the experimental data is displayed (red crosses). The confidence intervals (95%) are computed for both). In 

both figures, a linear regression is computed to determine the trend (black line). 

 

12.4. ATTACHMENT	4	
All estimated low gamma power time dynamics are present in this attachment. In Blue is real EG time 

evolution while the red curve represents the estimation of the 3rd degree AR-model. 

 

Figure A5 – Low estimated gamma’s time evolution of subject 3 (left) and 4 (right)  
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Figure A1 – Low estimated gamma’s time evolution of subject 5 (left) and 6 (right) 

 

Figure A2 – Low estimated gamma’s time evolution of subject 7 (left) and 8 (right) 

 

 

Figure A3 – Low estimated gamma’s time evolution of subject 9(left) and 10 (right) 
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Figure A4 – EG’s time evolution of subject 11 (left) and 12 (right) 

 

Figure A5 – Low estimated gamma’s time evolution of subject 13 (left) 

 

Table A3 – Natural frequency of the three poles of each subject as a result of the autoregressive 
estimation of lower parietal gamma 

Subject ω (closest pole) ω (Intermediate pole) ω (farthest pole) 
3 0.050064 0.771005 3.246817 
4 0.004488 0.501323 3.261436 
5 0.005261 0.631019 3.194602 
6 0.016642 1.736558 4.135628 
7 0.011519 1.544428 1.544428 
8 0.006768 0.622423 3.242886 
9 0.027564 1.355374 3.251156 

10 0.003913 0.877361 3.603747 
11 0.016168 0.612536 3.216729 
12 0.011615 0.879739 4.03398 
13 0.012752 2.069271 2.069271 
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Table A4 – Time constant of three poles of each subject as a result of the autoregressive estimation of 
lower parietal gamma 

Subject τ (Closest pole) τ (Intermediate pole) τ (Farthest pole) 
3 19.97425 1.297008 1.219677 
4 222.81 1.994721 1.141563 
5 190.0941 1.584738 1.725483 
6 -60.0902 0.575852 0.371806 
7 -86.8105 1.192874 1.192874 
8 147.7524 1.606623 1.243505 
9 -36.2795 0.737803 1.194878 

10 255.5656 1.139782 0.566375 
11 61.85214 1.632558 1.446781 
12 86.09271 1.136701 0.39518 
13 78.41689 0.53393 0.53393 

 

 

 

 

 

 

 


